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Digital Image Fundamentals
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Chapter 2



• Digital image processing field is built on a foundation of
mathematical and probabilistic formulations

• Human intuition and analysis play a central role in the
choice of techniques (subjective)

• Basic understanding of human visual perception is important

• The mechanics and parameters related to how images are
formed in the eye

• The physical limitations of human vision in terms of factors
that also are used in digital image processing

• The factors how human and electronic imaging compare in
terms of resolution and ability to adapt to changes in
illumination

Human Visual System
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• Nearly a sphere with an
average diameter of 2cm

• 3 membranes enclose 
the eye

• Cornea & Sclera  (outer cover)
• Choroid

• Ciliary body, iris Diaphragm
• Retina

Structure of the Human Eye
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FIGURE 2.1
Simplified
diagram of a
cross section of
the human eye.



• Outermost part 
• Cornea (1/6): The cornea is a 

tough, transparent tissue that 
covers the anterior surface of 
the eye

• Sclera (5/6): sclera is an opaque 
membrane that encloses the 
remainder of the optic globe  

Structure of the Human Eye
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FIGURE 2.1
Simplified
diagram of a
cross section of
the human eye.



• Middle layer Nutritive (Choroid):
• Contains blood vessels
• The choroid coat is heavily

pigmented and reduce the amount
of light entering the eye and
backscatter within the eye

• At anterior,
• Ciliary body
• iris diaphragm

• Control the amount of light,
• The centralopening of the iris (the pupil)2~8mm

• Lens:
• 60~70% water, 6% fat, andprotein,
• Slightly yellow,
• Absorbsapproximately 8% of the visible lightspectrum

Structure of the Human Eye
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FIGURE 2.1
Simplified
diagram of a
cross section of
the human eye.



• Inner Layer -Retina
• Sensory part
• Image is focused on retina
• When the eye is properly focused,

light from an object outside the eye
is imaged on the retina.

• Pattern vision is afforded by the
distribution of discrete light
receptors over the surface of the
retina.

• Two classes of receptors: cones
and rods

Structure of the Human Eye
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FIGURE 2.1
Simplified
diagram of a
cross section of
the human eye.



• Cones
• 6~7million
• Located primarily in the fovea Color sense
• One nerve for one cone

• So can resolve fine detail
• Cone vision called photopic or bright-light

vision

• Rods
• 75~105million
• Distributed over the retinal surface One

nerve for several rods
• Sensitive to low levels of illumination
• Rod vision called scotopic or dim-light

vision

Structure of the Human Eye
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FIGURE 2.1
Simplified
diagram of a
cross section of
the human eye.



• Blind spot
• Absence of receptors

• Receptor distribution
• Radially symmetric about the

fovea
• Receptor density is measured in 

degrees from the visual axis

Structure of the Human Eye

9

FIGURE 2.2 
Distribution of 
rods and cones in 
the retina.

• Fovea
• Circular indentation of about 1.5mm in

diameter
• has an area of approximately 1.77 mm2

• Density of cones is approximately 150,000
cones/mm2

• about 265,000 elements



• Photo camera:
• Lens has fixed focal length.

• Focusing at various distances by varying distance between lens and imaging plane 9location of
film or chip)

• Human eye: Converse.
• Distance lens-imaging region (retina) is fixed.

• Focal length for proper focus obtained by varying the shape of the lens.

• Perception takes place by the relative excitation of light receptors, which 
transform radiant energy into electrical impulses that ultimately are decoded by 
the brain

Image Formation
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FIGURE 2.3 Graphical representation of the  
ye looking at a palm tree. Point C is the focal 
center of the lens.



• Since digital images are displayed as
sets of discrete intensities, the eye's
ability to discriminate between different
intensity levels is an important

• The range of light intensity levels to
which the human visual system can
adapt is enormous - on the order of
1010 from the scotopic threshold to the
glare limit.

• Subjective brightness (intensity as
perceived by the human visual system)
is a logarithmic function of the light
intensity incident on the eye.

• Millilambert (mL)

Bright Adaptation
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FIGURE 2.4 Range of subjective 
brightness sensations showing a 
particular adaptation level, Ba .



• Long solid curve: the range of intensities
to which the visual system can adapt.

• The range of photopic vision is about 106

• The transition from scotopic to photopic 
vision is gradual over the approximate 
range from (−3 to −1 mL in the log scale) 
0.001 to 0.1 millilambert 

• The visual system cannot operate over the
range simultaneously

• It is done by changing its overall
sensitivity, a phenomenon known as
brightness adaptation.

Bright Adaptation
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• The total range of distinct intensity levels
the eye can discriminate simultaneously is
rather small when compared with the
total adaptation range.

• For any given set of conditions, the
current sensitivity level of the visual
system is called the brightness adaptation
level, which may correspond, for example,
to brightness Ba

• The short intersecting curve represents 
the range of subjective brightness that 
the eye can perceive when adapted to 
this level.

• Below Bb all stimuli are perceived as 
indistinguishable blacks

Bright Adaptation
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• The ability of the eye to discriminate between changes in light intensity at
any specific adaptation level is measured by classical exp.

• I is a uniform illumination on a flat area large enough to occupy the entire
field of view.

• ΔIc is the change in the object brightness required to just distinguish the 
object from the background

Brightness Discrimination
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FIGURE 2.5 Basic experimental setup used 
to characterize brightness discrimination.

FIGURE 2.6 
A typical 
plot of the 
Weber 
ratio as a 
function of 
intensity.



• Weber's ratio: ΔIc/I
• Small weber ratio

• Small percentage change in
intensity is discriminable

• Good brightness discrimination

15

• Large weber ratio
• a large percentage change in 

intensity is required 
• poor brightness discrimination

Brightness Discrimination



• The same exp. But with background illumination is held
constant and the intensity of the other source vary
incrementally from never being perceived to always being
perceived

• An observer can discern a total of one to two dozen
different intensity changes.

• This result does not mean that an image can be
represented by such a small number of intensity values

• The eye roams about the image, the average background
changes, thus allowing a different set of incremental
changes to be detected at each new adaptation level.

• The net consequence is that the eye is capable of a much
broader range of overall intensity discrimination.
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Brightness Discrimination



• Perceived brightness is not a simple
function of intensity

• The visual system tends to undershoot or
overshoot around the boundary of
regions of different intensities →| Mach
bands

• when you view this gray-scale step image
from left to right, the apparent brightness
dips just before each step, and appears to
increase after each step.

• Although the intensity of the stripes is
constant, we actually perceive a
brightness pattern that is strongly
scalloped

Discrimination (Conclusion)
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FIGURE 2.7 Illustration of the Mach 
band effect. Perceived intensity is 
not a simple function of actual 
intensity.



• A region’s perceived brightness does not depend simply on its
intensity

• → simultaneous contrast
• All the center squares have exactly the same intensity.

However, they appear to the eye to become darker as the
background gets lighter

Discrimination (Conclusion)
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FIGURE 2.8 Examples of simultaneous contrast. All the inner squares have the same 
intensity, but they appear progressively darker as the background becomes lighter.



• The eye fills in nonexisting information or
wrongly perceives geometrical properties of
objects

Optical illusion
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FIGURE 2.9 
Some well-
known optical 
illusions.



Optical illusion
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Find the black dot



Optical illusion
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Which lines are straight?



• In 1666, Sir Isaac Newton discovered that when a beam of sunlight is passed
through a glass prism, the emerging beam of light is not white but consists
instead of a continuous spectrum of colors ranging from violet to red

Electromagnetic Spectrum
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FIGURE 2.10 The electromagnetic spectrum. The visible spectrum is shown zoomed to 
facilitate explanations, but note that it encompasses a very narrow range of the total 

EM spectrum.



• Frequency(ν or f ) vs. wavelength(λ)
λ = c / f c: 2.998x108 m/s (the speed of light)

• Energy (unit: electron-volt)
E =hν h: Planck’s constant

• Energy is proportional to frequency

• Higher-frequency electromagnetic phenomena carry more energy per
photon

• X and Gamma rays are the most energetic so dangerous to living
organisms

Physics of Light and EMSpectrum
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FIGURE 2.11 
Graphical representation 
of one wavelength



• Light is a particular type of electromagnetic radiation that
can beseen and sensed by the human eye.

• Light that is void of color is called achromatic or
monochromatic light

• The only attribute of such light is its intensity or amount
• Monochromatic light is perceived to vary from black to grays and

finally to white (gray level )

• Chromatic light spans the electromagnetic energy spectrum
from approximately 0.43µm (violet) to 0.79µm (red)

• Three basic quantities are used to describe the quality of a
chromatic light source: radiance, luminance, and brightness

Physics of Light and EMSpectrum
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• The term monochromatic comes from the Greek
words mono, meaning single, and chroma, meaning
color.

• So monochromatic light literally means light of one
color.

• In scientific terms, it means light of a single wavelength.
• For the eye to perceive an object as white, the object

must reflect all colors (or close to). A surface capable of
reflecting all colors must be void in color itself, any
color would hinder all color light to be reflected and
thus would not create white perceived by our eyes.

Physics of Light and EMSpectrum
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• Radiance (unit: W) is the total amount of energy
that flows from the light source

• Luminance (unit: lm, lumens) gives a measure of
the amount of energy an observer perceives
from a light source

• Light emitted from a source operating in the far infrared
region of the spectrum could have high radiance, but an
observer would hardlyperceive it(zero luminance)

• Brightness is a subjective descriptor of light perception
that is practically impossible to measure. It embodies
the achromatic notion of intensity

Physics of Light and EMSpectrum
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• Near-infrared: the part of the infrared band close to the
visible spectrum

• Far-infrared: the part of the infrared band close to the
microwave band

• It is important to note that the wavelength of an electromagnetic
wave required to “see” an object must be of the same size as or
smaller than the object.

• For example, a water molecule has a diameter on the order
of 10-10 m. Thus, to study molecules, we would need a source
capable of emitting in the far ultraviolet or soft X-ray region

Physics of Light and EMSpectrum
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• Three principal sensor arrangements used to transform illumination energy
into digital images.

• Incoming energy is transformed into a voltage by the combination of input electrical
power and sensor material

• The output voltage waveform is the response of the sensor(s)
• Digital quantity is obtained from each sensor by digitizing its response.

• Example
• Photodiode
• Made of silicon
• Output voltage waveform proportional to light
• Filter in front increase selectivity

Image Sensors
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FIGURE 2.12
(a) Single sensing element.
(b) Line sensor.
(c) Array sensor.



• Arrangement for high precision scanning
• Inexpensive (but slow) way to obtain high-

resolution images.

Image Acquisition Using Single Element
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FIGURE 2.13
Combining a single sensing 
element with mechanical 
motion to generate a 2-D 
image.



Image Acquisition Using Sensor Strip
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A rotating X-ray source provides
illumination and the sensors
opposite the source collect the X-ray
energy that passes through the
object

Ring configuration 

Medical (CAT) and 
industrial imaging

Cross-sectional 
(slice) images of 3D 
objects



• CCD: Charge Couple Device
• CCD cameras: widely used in modern applications: private

consumers, industry, astronomy …

Image Acquisition Using Sensor Array 
CCD Camera
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• Rectangular grid of
electron-collection sites
laid over a thin silicon
wafer

• Image readout of the
CCD one row at a time,
each row transferred in
parallel to a serial
output register



• Alternative to CCD cameras: CMOS technology

• CMOS: Complementary Metal-Oxyde-Semiconductor

Image Acquisition Using Sensor Array 
CCD vs. CMOS
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• CMOS chip: active pixel sensor
made using CMOD semiconductor

• CMOS can potentially be
implemented with fewer
components, use less power and
provide data faster than CCDs

• CCD: more mature technology

• NB: a CMOS-based camera can be
significantly smaller than a
comparable CCD camera



• Light is just a particular part of the electromagnetic
spectrum that can be sensed by the human eye

• The electromagnetic spectrum is split up according to
the wavelengths of different forms of energy

Light and the Electromagnetic
Spectrum

33



• The colours that we perceive are determined by the 
nature  of the light reflected from an object

• For example, if white light is shone onto a green 
object  most wavelengths are absorbed, while green 
light is  reflected from the object

Reflected Light

34

Colours  
Absorbed



• Illumination source reflected from a scene element

• Imaging system collect the incoming energy and focus it onto an image plane (sensor
array).

• Response of each sensor proportional to the integral of the light energy projected

• Sensor output: analog voltage signal -> digitized.

Image Acquisition using Sensor 
Arrays

35



• Images denoted by two-dimensional functions f(x,y)

• f(x,y) = intensity value at coordinates (x,y): positive
scalar quantity

• Physical meaning is determined by the source of the image
• Values are proportional to energy radiated by a physical

source

• f (x, y) must be nonnegative and finite
• 0 < f(x,y) < ∞; f(x,y) is energy

Simple Image Model

36



• f(x,y) may be characterized by 2 components:
• The amount of source illumination incident on the scene: illumination i(x,y)

• The amount of illumination reflected by the objects of the scene: reflectance r(x,y)

• f(x,y) =i(x,y)r(x,y)

• where 0 < i(x,y) < ∞ and 0 <r(x,y) <1

Simple Image Model
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• Example of typical ranges of illumination
• Sun on a clear day: ~ 90,000 lm/m2

• cloudy day: ~10,000 lm/m2

• Full moon on a clear evening: ~0.1lm/m2

• Typical values of reflectance
• 0.01 for black velvet

• 0.65 for stainless steel

• 0.8 for flat white wall paint

• 0.9 for silver-plated metal

• 0.93 for snow



• In real situation
• Lmin ≤ L=f(x,y) ≤ Lmax

• Lmin = imin rmin

• Lmax = imax rmax

• L : gray level

• Typical limits for indoor values in the absence of
additional illumination Lmin ~ 10 and Lmax ~ 1000

• [Lmin, Lmax] is called the gray (or intensity) scale

• L = 0 is considered as black and l = L -1 is considered
white

Monochrome(Gray) Image

38



• Discretizing coordinate values is called Sampling
• Discretizing the amplitude values is called quantization
• Method of sampling determined by the sensor arrangement:

• Single sensing element combined with motion:
• Spatial sampling based on number of individual mechanical

increments
• Sensing strip:

• The number of sensors in the strip establishes the sampling
limitations in one direction; in the other: same value taken in practice

• Sensing array:
• The number of sensors in the array establishes the limits of sampling

in both directions.

Sampling &Quantization

39



Sampling &Quantization
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(a) Continuous 
image.

(b) A scan line 
showing intensity 
variations along 
line AB in the 
continuous 
image. 

(c) Sampling and 
quantization. 

(d) Digital scan line. 
(The black border 
in (a) is included 
for clarity. It is 
not part of the 
image).



• The quality of a digital image is determined t a large degree by the
number of samples and discrete intensity levels used in sampling
and quantization

• However image content is also an important consideration in
choosing these parameters

Digital Image

41

(a) Continuous 
image 
projected onto 
a sensor array. 

(b) Result of image 
sampling and 
quantization.



• Continuous image: function of 2 continuous
variables f (s, t).

• Digital image by sampling and quantization
• 2D array f(x,y),
• M rows and N columns,
• (x,y) = discrete coordinates
• x = 0, 1, 2, …, M-1 and y = 0, 1, 2, …, N-1

• Real plane spanned by the coordinates of an
image is called spatial domain

• x and y are called spatial variables or special
coordinates

Representing Digital Image

42



Representing Digital Image
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(a) Image plotted as a 
surface. 

(b) Image displayed as 
a visual intensity 
array. 

(c) Image shown as a 
2-D numerical 
array. (The 
numbers 0, .5, and 
1 represent black, 
gray, and white, 
respectively.)



Representing Digital Image
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Digital Image

The notation (0,1), is used to signify the second 
sample along  the first row, not the actual 
physical coordinates when the  image was

sampled



Representing Digital Image
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Coordinate convention used to represent digital images. 
Because coordinate values are integers, there is a one-to-
one correspondence between x and y and the rows (r) 
and columns (c) of a matrix.



• Digital image
• M × N array
• L discrete intensities – power of 2

• L = 2k

• Integers in the interval [0, L - 1]
• Dynamic range: ratio of maximum / minimum

intensity
• Low: image has a dull, washed-out gray look

• Contrast: difference between highest and
lowest intensity

• High: image have high contrast

Representing Digital Image

46



An image exhibiting
saturation and noise.
Saturation is the
highest value beyond
which all intensity
values are clipped
(note how the entire
saturated area has a
high, constant intensity
level).Visible noise in
this case appears as a
grainy texture pattern.
The dark background is
noisier, but the noise is
difficult to see.

Saturation and Noise

47

The upper limit intensity is determined by 
saturation and the lower limit by noise



• The number, b, of bits required to store the image is
• b = M × N × k

• When M = N: b = N2k

Digital image Storage

48

Number of megabytes required to 
store images for various values of 
N and k.

• Typical values of k are:
• k = 1 black and white (binary) 

images.
• k = 8 grayscale (256 gray levels), 

or indexed color images
• k = 24 RGB color image.



• RGB (Color) Images
• Each pixel is a mixture of three 

values of Red, Green, and Blue.
• R, G, B = {0-255, 0-255, 0-255}

• 0 = Black
• 255 = White

• In normalized values:
• R, G, B = {0-1, 0-1, 0-1}
• 0 = Black
• 1 = White

Digital image Types

49



• Indexed (Color) Images
• In order to reduce the color 

image size,each pixel is given the 
index of a color In a color table 
(color map).

Digital image Types

50Color Map

Index     R           G           B
1
2
3
4
5
6
7
8
.



Digital image Types

• Grayscale (Intensity) Images
• Each pixel is given a gray level value 

between 0 – 255 or between 0 – 1.

• We need 8 bits to store a grayscale 
value

51



Digital image Types

• Black and white (Binary) Images
• Each pixel has one of two gray levels either black (0) or 

white (1).
• We need 8 bits to store a grayscale value.
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• Spatial Resolution
• Spatial resolution is the smallest discernible detail in an

image

• Quantitatively:
• Line pairs per unit distance

• A widely used definition of resolution is the largest number of  

discernible line pairs per unit distance

• ex) 100 line pairs/mm

• Dots per unit distance (inch)

• Text book (2400 dpi), Newspapers: 75 dpi, Magazine: 133 dpi

Spatial Resolution

53



Effects of reducing the spatial 
resolution of a digital image

54

Effects of 
reducing spatial 
resolution. The 
images shown are 
at: (a) 930 dpi, (b) 
300 dpi, (c) 150 
dpi, and (d) 72 
dpi.



Spatial Resolution
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• Difficult to see the effects resulting from a reduction  in the number of samples.
• Bring all the subsampled images  up to size 1024 x 1024 by row and column pixel 

replication.

• Digital image resolution is 
determined by the number of 
pixels (samples) in the image.



• Digital image with low resolution has low quality.

Spatial Resolution

56



• Intensity resolution
• The smallest discernible change in intensity level

(number of bits used to quantize intensity)

• Gray-level resolution is the smallest discernible
change in gray level (but, highly subjective!)

• The most common 8-bits, 16-bits

• However, we can find some systems that can
digitize the gray levels of an image with 10 to 12
bits of accuracy.

Gray-level Resolution
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Effects of varying the 
number of intensity levels
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the number of  
samples  constant 
and  reduce the  
number of  gray 

levels  from 256 to
2,  in integer  
powers of 2.



Effects of varying the 
number of intensity levels

59



• Previous examples illustrate the effects produced on image
quality by varying spatial and intensity resolution
independently

• An attempted to quantify experimentally the effects on image 
quality produced by the interaction of these two variables 
(varying spatial and intensity resolution)

• Effects produced on image quality by varying N and K

• Relation between subjective image quality and resolution 
(observers asked to  rank them)

• Tested by images with low/medium/high detail

Isopreference Curves
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Isopreference Curves
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• Points lying on an isopreference curve
correspond to images of equal subjective quality

• Curves tended to shift right and upward for
better quality (larger values for N and k)

• A few gray levels may be needed for high
detailed image

• Perceived quality in the other two image
categories remained the same in some
intervals in which the spatial resolution was
increased, but the number of gray levels
actually decrease

Isopreference Curves
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• Using known data to estimate values at unknown
locations

• In mathematics, linear interpolation is a method
of curve fitting using linear polynomials to construct
new data points within the range of a discrete set of
known data points.

Image Interpolation
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• In image processing
• Used for zooming, shrinking, rotating, and geometric corrections

• Zooming : requires two steps

• Creation of a new pixel location

• Assignment of a gray level to those new locations

• Enlarging an image 1.5 times.



• Nearest Neighbor interpolation
• Use closest pixel to estimate the intensity
• simple but has tendency to produce artifacts

• Example (500 x 500 image)
• Create an imaginary 750 * 750 grid with the same pixel 

spacing as the original image

• Laying an imaginary 750 x 750 grid over the original image

• Shrink it so that it fits exactly over the original image

• Spacing in the grid will be less than one pixel

• Look for the closest pixel in the original image and assign
its gray level to the new pixel in the grid.

• Fast but produces checkerboard effect that is particularly
objectionable at high factor of magnification

Image Interpolation

64



• Bilinear interpolation

• An extension of linear interpolation for interpolating functions
of two variables (e.g., x and y) on a rectilinear 2D grid

• Use 4 nearest neighbor to estimate the intensity

• Much better result

Image Interpolation
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• Let x, y a point in the zoomed image

• v(x, y) a gray level assigned to it
(intensity value)

• v is given by

•

• The coefficients are determined from the
four equations using the four neighbors.



• Suppose the four surrounding points are as follows:

• v(x,y) → v(1,2) = 50, v(1,3) = 55, v(2,2) = 44, v(2,3) = 48

• 50 = a(1) + b(2) + c(1)(2) + d

• 55 = a(1) + b(3) + c(1)(3) + d

• 44 = a(2) + b(2) + c(2)(2) + d

• 50 = a(2) + b(3) + c(2)(3) + d

• a=-4, b = 6, c = -1, d = 44

• v(x,y) = -4x+6y-xy+44

Image Interpolation

66



• Bicubic interpolation
• Use 16 nearest neighbors of a point

• Equation used is

Image Interpolation

67



Comparison of interpolation 
approaches for image shrinking 

and zooming

68



• A pixel p at coordinates (x, y) has the following
neighbors

• N4(p) : 4-neighbors of pixel p
• p(x+1, y), p(x-1, y), p(x, y+1), p(x, y-1)

• ND(p) : diagonal neighbors of pixel p
• p(x+1, y+1), p(x-1, y-1), p(x-1, y+1), p(x+1, y-1)

• N8(p) : 8-neighbors of pixel p
• N8(p) =N4(p) U ND(p)

Neighbors of a Pixel

69

• Some of the neighbors of pixel p lie outside the digital

image if the pixel p is on the border of the image

(x-1,y)

(x,y-1) (x,y) (x,y+1)

(x+1,y)

(x-1,y-1) (x-1,y+1)

(x,y)

(x+1,y-1) (x+1,y+1)

(x-1,y-1) (x-1,y) (x-1,y+1)

(x,y-1) (x,y) (x,y+1)

(x+1,y-1) (x+1,y) (x+1,y+1)



• Let V be the set of intensity used to define adjacency;
• e.g. V={1} if we are referring to adjacency of pixels with value 1

in a binary image with 0 and 1.
• In a gray-scale image, for the adjacency of pixels with a range of

intensity values of , say, 100 to 120, it follows that
V={100,101,102,…,120}.

• We consider three types of adjacency :

• 4- adjacency
• Two pixels p and q with values from V are 4-

adjacency if q is  in the set N4(p) .

Adjacency

70



• 8- adjacency
• Two pixels p and q with values from V are 8- adjacency if q is in

the set N8(p) .

• m-adjacency (also called mixed adjacency)
• Two pixels p and q with values from V are m-adjacent if 

• q is in N4(p) , or

• q is in ND ( p) and N4( p) ∩ N4 (q) is  empty

Adjacency

71

8-path from p to q results 
in some ambiguity m-path from p to q solves 

this ambiguity



• A (digital) path (or curve) from pixel p at (x,y) to
pixel q at (s,t) is a sequence of distinct pixels with
coordinates

• (x0,y0), (x1,y1), …, (xn,yn)
• where (x0,y0) = (x,y), (xn,yn) = (s,t), and pixel (xi,yi)

and (xi-1,yi-1) are adjacent for 1≤ i ≤ n
• n is the length of the path
• If (x0,y0) =(xn,yn), the path is a closed path

• The path can be defined 4-,8-,m-paths depending
on adjacency type

Digital Path

72



• Let S be a subset of pixels in an image.
• Two pixels p and q are said to be connected in S if there

exists a path between them consisting entirely of pixels
in S

• For any pixel p in S, the set of pixels that are connected
to it in S is called a connected component of S.

• If it only has one connected component, then set S is
called a connected set.

Connectivity

73



• Let R be a subset of pixels in an image.

• We call R a region of the image if it is a
connected set

• Two regions are said to be adjacent if
their union forms a connected set.

• Ri, Rj are adjacent in 8-adjacency sense.
They are not adjacent in 4-adjacency
sense.

• Adjacent only if 8-adjacency is used

Regions

74



• Suppose that an image contains K disjoint

regions, Rk, k = 1,2 ,...,k, none of which
touches the image border.

• Let Ru be the union of all the K regions, and

let (Ru)c denote its complement.

• We call the points in Ru the foreground, and

all the points in (Ru)c the background of the
image.

Boundary

75



• Inner boundary (border or contour) of a
region R

• The set of points that are adjacent to the
points in the complement of R.

• i.e. set of pixels in the region that have at
least one background neighbor.

• e.g. the point circle is not member of the
border of the 1-valued region if 4-connectivity
is used.

• As a rule, adjacency between points in a
region and its background is defined in
terms of 8-connectivity.

Boundary
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Boundary
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• The outer border corresponds to the
border in the background.

• The  outer border of the region does 
form a closed path around the 
region. (guarantee the existence of a 
closed path)

• The inner border does not does not 
satisfy the definition of a closed path



• If pixels p and q have coordinates (x, y) and (s, t), 
respectively.

• De Euclidean distance between p and q

• De(p, q) = [(x – s)2 + (y – t)2] ½

• D4distance (city-block) distance between p and q

• D4(p, q) = |x – s| + |y – t|

• D8distance (chessboard)distance between p and q

• D8(p, q) = max( |x – s| , |y – t| )

Distance Measures
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• Pixels with De contained in a desk of radius
r centered at (x,y)

• Pixels with D4 are diamond centered at
(x,y)

• Pixels with D4 distance <=2
• The pixels with D4 = 1 are the 4-neighbor

• Pixels with D8 are square centered at (x,y)
• Pixels with D8 distance <=2

• The pixels with D8 = 1 are the 8- neighbor

Distance Measures
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• Elementwise operation involving one or more 
images is carried out on a pixel-bypixel basis

• Matrix product

Array v. Matrix Operations
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• Consider general operator
•

• is said to linear operator if
•

• By definition, an operator that fails to satisfy the 
above equation is said to be nonlinear.

Linear v. Nonlinear Operators
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• Assume sum operator
•

• Assume max operator

•

• Let a = 1 and b = −1.

•

•

Linear v. Nonlinear Operators
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• Carried out between corresponding pixel pairs

• Same size of arrays
• s(x, y) = f (x, y) + g(x, y)
• d(x, y) = f (x, y) - g(x, y)
• p(x, y) = f (x, y) × g(x, y)
• v(x, y) = f (x, y) ÷ g(x, y)

• Let g(x,y) denote a corrupted image formed by the
addition of noise η(x,y), to a noiseless image f(x,y);

• g(x,y) = f(x,y) + η(x,y)
• Where the assumption is that at every pair of coordinates

(x,y) the noise is uncorrelated and has a zero average

Arithmetic Operations
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• If the noise satisfies the constrains just stated, then
an image g(x,y) is formed by averaging K different
noisy images,

•

•

•

•

• As K increases the variability of the pixels at
each location decreases

Arithmetic Operations
Averaging
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Arithmetic Operations
Averaging
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• Image subtraction is used in the enhancement of
the differences between images

• g(x,y) =f(x,y) – h(x,y)

Arithmetic Operations 
Subtraction
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Arithmetic Operations
Subtraction
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• Shading correction

• An application of image multiplication and division is.

• If we can get a modeled image as a product of perfect image
f(x, y), times ashading function, h(x, y);

• g(x, y) = f(x, y)h(x ,y).

• If h(x, y) is known or can be estimated, we can get the
perfect image f(x, y).

• If imaging system is available, we can obtain a good 
approximation to the shading function by imaging a target 
of constant intensity

Arithmetic Operations
Multiplication
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Arithmetic Operations
Multiplication
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• Masking or region of interest (ROI)

Arithmetic Operations
Multiplication
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• Most images are displayed using 8 bits ( even 24-bit color)
(0-255)

• Conversion to this format automatic when using the standard
(TIFF or JPEG)

• To solve the range problem in arithmetic operations we can
do the following:

• Given an image g

• gm = g – min(g) creates an image with min. value 0

• gs = K[gm/max(gm)] creates a scaled image whose range
[0, K],

• With 8-bit image, setting K =255

Arithmetic Operations
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Set Operations
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•

•

Set Operations

93



• Applicable with binary images

• Not applicable when dealing with grayscale images

• because we have not defined yet a mechanism for 

assigning intensity values to the pixels resulting from a set 

operation 

• For grayscale values
• Union - maximum corresponding pixel pairs value
• Intersection - minimum corresponding pixel pairs value
• Complement - pairwise differences between a 

constant and the intensity of every pixel in the image.

Set Operations
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•

Gray Scale Set Operations
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•



• Cartesian product
• The set of all possible ordered pairs whose first

component is a member of X and whose second
component is a member of Y

•

• A binary relation on a set A 
• A collection of ordered pairs of elements from A

• i.e subset of the Cartesian product A × A

Set Operations
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• A partial order on a set S 
• Is a relation on such that is:

• reflexive: for any a S, a a;
• transitive: for any a, b, c S, a b and b c implies that a c;
• antisymmetric: for any a, b S, a b and b a implies that a = b.

• where, a b reads “a is related to b.” 
• This means that a and b are in set , which itself is a subset of 

S × S. 

• A set with a partial order is called a partially ordered set.

•

• A strict ordering on a set S is a relation on S, such that is:
• antireflexive: for any a S, ¬a a;
• transitive: for any a, b, c S, a b and b c implies that a c.

•

Set Operations
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Logical Operations
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• Operation Domain

Types of image Operations
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• Three categories
• Single-pixel operations  

• Neighborhood (local) operations  

Types of image Operations
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• Global operation



• Single-pixel operations
• Alter the values of its individual pixels

• s = T(z)

Spatial Operations
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102

(a) An 8-bit image. (b) Intensity transformation function used to obtain 
the digital equivalent of a “photographic” negative of an 8-bit image. 
The arrows show transformation of an arbitrary input intensity value 
into its corresponding output value             Negative of (a), obtained 
using the transformation function in (b).

 0. cs
0z



Spatial Operations
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• Neighborhood
(local)
operations



• Geometric spatial transformation
• Modify the spatial relationship between pixels in an image (rubber-

sheet)

• Consists of two basic operations
• Spatial transformation of coordinates.

• Intensity interpolation that assigns intensity values to the spatially
transformed pixels.

• The transformation of coordinates may be expressed as

• (x,y): pixel coordinates in the original image 

• (x′, y′): the corresponding pixel coordinates of the transformed image.

Geometric Transformations
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• Affine transformations
• Include scaling, translation, rotation, and shearing.

• The key characteristic of an affine transformation in 2-D
• It preserves points, straight lines, and planes.

• The Equation just mentioned can be used to express the
transformations, except translation.

• Add a 2-D vector to the right side of the equation.

• Homogeneous coordinates can be used to express all four
affine transformations using a single 3 × 3 matrix:

Geometric Transformations
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Geometric Transformations
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• The preceding transformation moves the coordinates
of pixels in an image to new locations.

• To complete the process, we have to assign intensity
values to those locations.

• This task is accomplished using intensity interpolation.
• Already discussed with zooming and shrinking
• Nearest neighbor, bilinear, and bicubic interpolation 

techniques

Geometric Transformations
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• The affine equation is used in two
ways  Forward mapping

• San pixels of the input image
• At each location, (v,w), compute the spatial location, (x,y)
• To or more pixels in the input image may be transformed to the 

same location  in the output image
• Some output locations may not assign a pixel at all.

• Inverse mapping (more efficient, used in commercial MATLAB)
• Scan the output pixel locations
• At each location, (x,y), compute the spatial location, (v,w) = T-

1(x,y)  Interpolate among the nearest input pixels to determine 
the intensity of the  output pixel value

• Assign intensity values to the spatially transformed
pixels  (interpolation)

Affine Transformations
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• Forward mapping
• San pixels of the input image
• At each location, , compute the spatial location,

• Drawbacks
• Can result in pixels mapping to pixels outside the image
• Complex transforms can map several input pixels to the

same output pixel
• Does not guarantee that all output pixels will have a value

Affine Transformations

109



• Inverse mapping
• For EACH output pixel determine corresponding

location in input image
• Use gray level interpolation* for pixels surrounding to

assign a pixel value f to selected output pixel
• Guarantees that all pixels in output image will have a value

*can be nearest neighbor, bilinear, etc.

Affine Transformations
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Affine Transformations

111



• Used to align two or more images of the same scene.

• Input and output images are available

• But the specific transformation function is not

known

• One approach is using tie points (control points)

• The location of the points are precisely known in input and  

reference images.

• Using the bilinear approximation is a simple model and given by

• x = c1v+c2w+c3vw+c4

• y = c5v+c6w+c7vw+c8

• (x,y) – reference image  image, (v,w) – input image tie points

Image Registration
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Image Registration
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• A typical area of image processing is multispectral
images

• RGB color space uses Red, green, Blue component

• Each pixel has three components

• So M×N image can be represented as MN vectors of size
3 × 1.

Vector and Matrix Operations
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• Inner product (dot product)
• 𝑻

• Outer product of a and b
• abT
• Matrix of size n × n.

• Euclidean vector norm

Vector and Matrix Operations
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• linear transformations,

A is a matrix of size m × n,
z and a are column vectors of size n × 1.

• linear processes applied to an 
image

f : MN × 1 vector - input image, 
n : MN × 1 vector - M × N noise pattern, 
g : MN × 1 vector - a processed image
H : MN × MN  - a linear process applied 
to the input image



Image Transformation
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General approach for working in the linear transform domain.



• A linear 2-D transform denoted T(u, v) can be expressed in the
general form

• r(x, y, u, v) is called a forward transformation kernel

• Inverse transform of T(u,v):

• s(x,y,u,v) inverse transformation kernel

• The forward transformation kernel is said to be separable if
• r(x, y,u,v)  r1(x,u)r2 (y,v)

• Kernel is said to be symmetric if r1(x,y) is functionally equal to 
r2(x,y) so that

• r(x, y,u,v)  r1(x,u)r1(y,v)

Image Transformation
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T (u,v)   f (x, y)r(x, y,u,v)
x0 y 0

f (x, y)  T (u,v)s(x, y,u,v)
u 0 v0



• 2-D Fourier transform

Image Transformation
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T (u,v)   f (x, y)e2 j (ux / M vy / N )

x0 y 0



Image Transformation
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• Treating intensities as random

quantities

• Let zi, i=0,1,2,…,L-1 possible

intensities

• Then the probability, P(zk ), of

intensity level zk is

• So,

Probabilistic Methods
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• Mean (average) intensity

• the variance of the intensities

• nth central moment of random 
variable z about the mean 



Illustration of the mean and standard deviation as 
functions of image contrast. (a)-(c) Images with low, 
medium, and high contrast, respectively. (Original image 
courtesy of the National Cancer Institute.)

Probabilistic Methods



• Standard deviation is 14.3, 31.6, 49.2 intensity
level

• The variance is 204.3, 997.8, 2424.9
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Probabilistic Methods

low contrast               medium contrast              high contrast.
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Next Time
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