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7.1 CONSERVATIVE AND NON-
CONSERVATIVE  FORCES 

 
conservative Forces The force is 
conservative if the work done by it 
on a particle that moves between 
two points depends only on these 
points and not on the path followed. 
This means that in moving a 
particle, by a conservative force, 
from point A to point B, (Figure 7.1) 
the work done along path 1 = work 
done along path 2. As an example 
of a conservative force is the force 
of the spring. The work done by 
such a force is, from Equation 6.9, 
 

 2
f

2
is 2

1
2
1 kxkxW −=  

 
As it is clear from the Equation, the 
work done by a spring depends only 
on xi and xf (the initial and final 
positions).  
The force due to gravity is another 
example of a conservative force. 
Consider a particle goes from point 
A to a point B that is higher than A 
by a distance H, as shown in Figure 
7.2.  The work done by gravity if 
the particle followed path 1, (the 
solid path) is simply mgHW −=1 . 
If the particle followed another 
path, say path 2, (the dashed path) 

A B 

Path 1 

Path 2 

Figure 7.1 The work done, 
by a conservative force, in 
moving a particle from point 
A to point B does not depend 
on the path followed. 

A 

B 

mg 

Figure 7.2 A particle goes 
from point A to point B 
through two different paths. 
The solid path, path1 and the 
dashed path, path2. 
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we see again that the work done by gravity is mgHW −=2 , that is 
the work is independent of the path followed.  
 
Non-conservative Forces The force 
is non-conservative if the work done 
by that force on a particle that moves 
between two points depends on the 
path taken between those points, i.e., 
 The work done along path 1 ≠ work 
done along path 2. The Frictional 
force is an example of a non-
conservative force. Suppose you  were 
displaced a book between two points 
on a rough, horizontal surface such as 
a table, as shown in Figure 7.3. The 
work done by a friction force is -fd, 
where d is the distance between the two 
points A and B. It is clear that the 
work done along path 1 is greater than 
the work done along path 2, since path 
1 is greater than path 2. 
 
7.2 POTENTIAL ENERGY 
 
If an object is thrown upward, the work Wg done on the object by 
its weight is negative, that is, energy is transferred from the kinetic 
energy to the weight. In another ward, energy is transferred from 
the kinetic energy to  another type of energy called the gravitational 
potential energy U.  Now if the object begins to fall down back the 
transfer of the energy is reversed. The work done by the weight of 
the object Wg is now positive and energy is transferred from the 
potential energy to the kinetic energy. 
For either rise or fall, the change in the gravitational potential 
energy U∆  is defined to equal the negative of the work done by 
the weight, that is   

A B Path 2 

Path 1 

Figure 7.3 A particle moves 
from point A to point B 
along a rough table. The 
work done by the frictional 
force along the path 1, (The 
solid path) is greater than the 
work done along path 2, (the 
dashed path). 
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 WU −=∆         (7.1) 
 
 The same relation holds if an object attached to a spring is moving 
compressing, or stretching, the spring and then returning back to its 
equilibrium position. 
To generalize we say that for every conservative force we associate 
a potential energy such  
  

 UdWc ∆−=⋅= ∫
f

i

sF                (7.2) 

   
If the force is one dimensional, say along the x-axis, the work done 
by such a force acting on an object as the object moves through a 
distance x∆  is xxF ∆)( . From Equation 7.1 we can write  
 
 xxFWxU ∆−=−=∆ )()(  
 
Letting x∆  approaches zero ( )0→∆x  we obtain for the force  

 

dx
xdUxF )()( −= .       (7.3) 

 
Note that Equation 7.3 holds only for one dimensional motion. For 
two or three dimensional motion, the formula is more complicated 
and is out of the scope of this course. 
 

 
 
7.3 GRAVITATIONAL POTENTIAL  ENERGY 
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Since the force of gravity is 
conservative, we can associate a 
gravitational potential energy 
function Ug to this force. To 
calculate such potential energy, 
we consider a particle that makes 
a displacement from an initial 
point i to a final point f, as 
shown in Figure 7.4. The force 
of gravity does a negative work 
given by -mgy (why negative?). 
Now from Equation 7.1 we 
conclude 
 
 mgyU g =∆ ,  
or 
 mgyUU if =−  
 
Since we are concerned only by the change in the potential energy, 
Ui can be chosen to be zero. The horizontal level at which Ui is zero 
is called the level of zero potential energy. The gravitational 
potential energy at a point is then defined as 
 
 mgyU =g ,                 (7.4) 

where y is the vertical displacement above an arbitrary  horizontal 
level (level of zero potential energy).  
 
Remark: The gravitational potential energy is positive if the body 
is above the level of zero potential energy, and negative if the body 
is below the level. 
 
 

y 

i 

f 

Figure 7.4 A particle displaced a 
distance y from point i to point f. 
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Example 7.1: A book of mass 1.2 kg is on a horizontal table that is 
1.5 m high. The book and the table are in a room of height 2.8 m. 
a) What is the gravitational potential energy of the book if the level 
of zero potential energy is taken to be (i) at the table's surface, (ii) 
at the floor, and (iii) at the ceiling? 
b) When the book drops to the floor, calculate U∆ for the three 
choices of the zero potential energy. 
 
Solution a) Using Equation 7.4 we have 
(i) y=0 if the level of zero potential energy is taken to be the 
surface of the table and this leads to 0=gU  
(ii) Now if the level of zero potential energy is taken to be the floor, 
we have y=1.5 m and this gives 
 
 J67.17)5.1)(8.9)(2.1( === mgyU g . 
 
(iii) ( ) m3.15.18.2 −=−−=y  when the level of zero potential 
energy is taken to be at the ceiling. Thus we obtain 
 
 J29.15)3.1)(8.9)(2.1( −=−=gU  
 
b)  ( ) ymgyymgU ifg ∆=−=∆ . Now for the three choices we 
have (i) m5.105.1 −=−−=∆y ,  

(ii) m15.5.10 −=−=∆y , and 
 (ii) m15.)3.1(8.2 −=−−−=∆y .  

 
So for all the choices we obtain the same result 
 

J64.17)5.1)(8.9)(2.1( −=−=∆ gU  
 

 
7.4 POTENTIAL  ENERGY OF A SPRING 
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Consider a system consists of a spring with spring constant k, and a 
mass m that slides on a frictionless surface, as in Figure 7.5. Since 
the force of the spring is conservative force, a potential energy Us 
can be associated with this force. As the particle goes from the 
equilibrium position to a position where the spring is compressed or 
stretched, the force of spring does a work given by 
 
 2

2
1 kxWs −=  

E mv= +1
2

2 0i  

vi 

2
2
12

2
1 KxmvE +=  

v 

E Kx= +0 1
2

2
m  

x 

xm 

(a) 

(b) 

(c) 

Figure 7.5 A block, attached to a spring, moves along a horizontal, 
frictionless surface. (a) The block is at the equilibrium position where 
the potential energy is zero and the mechanical energy is all kinetic. (b) 
The mechanical energy is the sum of the kinetic energy and the 
potential energy. (c) The kinetic energy is totally transferred, and 
stored as potential energy in the spring, so the mechanical energy is all 
potential.    

x = 0 

v = 0 
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The work is negative because the force and the displacement are 
opposite in both cases. Again using Equation 7.1 we can calculate 
the potential energy stored in a spring (elastic potential energy), as 
  
   
 2

2
1 kxU s = ,                 (7.5) 

 
where x is the amount of compressing, or stretching the spring. 
Here the potential energy at the equilibrium position is taken to be 
zero. The conservation of mechanical energy of  the mass-spring 
system can be written as 
 
 fi EE =  
 
or 
 
 2

f2
12

f2
12

i2
12

i2
1 kxmvkxmv +=+            (7.6) 

 
REMARKS: 
 
• The potential energy of the spring is zero at the equilibrium  point 
(unstretched position, x = 0), and the total energy is E mvi= 1

2
2  = 

maximum value of kinetic energy (v is maximum) 
• The potential energy is a maximum when x is a maximum 
value(when  v = 0, at maximum compression) 
• Us is always positive, since x2 is always positive. 
 
7.5 CONSERVATION OF MECHANICAL ENERGY 
 
Suppose a particle moves under the influence of a conservative 
force F. Then the work-energy theorem from chapter 6 tells us that 
the work done by that force equals the change in kinetic energy:  
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 KWC ∆=  
  
Since the force is conservative, we have  
 
 KUWC ∆=∆−=  
or  
  

0=∆+∆ UK                             (7.7) 
 
The law of conservation of mechanical energy states that the 
change in mechanical energy is always zero. In other words, if the 
kinetic energy of a conservative system increases (or decreases) by 
some amount, the potential energy must decreases (or increases) by 
the same amount. Equation (7.7) can be written as  

 
 ffii UKUK +=+ , 
or 
 
 fi EE = ,                  (7.8) 

 
where the mechanical energy E is defined as 
 

UKE +=        (7.9) 
 

 
Example 7.2:  A small block of mass m = 2 kg is released 
from a height of h = 10 m above the ground as shown in Figure 7.6. 
Using the law of conservation energy determine, 
a) the speed of the block at an altitude of y = 4 m above the ground,  
b) the velocity of the ball just before it hits the ground. 
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Solution: a) Applying the 
conservation of energy principle 
between points A and B, we get 
 
 KA + UA = KB + UB 
  
 0 1

2
2+ = +mgh mv mgyB  

or  
 

m/s8.10
)410(6.19)(2B

=

−=−= yhgv
 

 
b) Conservation of energy between points A and C gives 
 
 KA + UA = KC + UC 
  
 00 2

C2
1 +=+ mvmgh  

or 
 14106.192C =×== ghv m/s. 
 

 
7.6 NONCONSERVATIVE FORCES AND 

WORK-ENERGY THEOREM 
 

Suppose that there are conservative and non-conservative forces 
acting on a system, and these forces do work. The net work done on 
the system is then can be written as the sum of the work done by 
the conservative force WC, and the work done by the non-
conservative forces WNC, that is 
 
 NCCnet WWW +=                (7.10) 
 

K

U mgh
A

A

=

=

0
 

h=10 m 

y=4 m 

K mv

U mgy
B B

B

=

=

1
2

2

 

K mv

U

C C

C

=

=

1
2
0

2

 

A 

B 

C 

Figure 7.6 Example 7.1 
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Substituting for Wnet from Equation 6.12 and for WC from Equation 
7.2, Equation 7.10 becomes 
 
 NCWUK +∆−=∆  
 
Or 
 
 NCWUK =∆+∆                (7.11) 
 
Since the mechanical energy E is given by UKE += , we can 
express Equation 7.11 as 
 

( ) ( ) ifiiffNC EEUKUKW −=+−+=            (7.12) 
 
This means that the work done by all non-conservative forces 
equals the change in the mechanical energy of the system. Note that 
if Wnc is zero we recover Equation 7.8 as expected. 
 
STRATEGY for solving problems using the conservation of 
energy principle. 
 
(i) Select a horizontal level for the zero gravitational potential 
energy. 
(ii) Define two points: one as an initial point and the other as a final 
point. 
(iii) Find the potential energy and the kinetic energy at these two 
points. 
 (iv) If there is a spring, then the total potential energy of the system is 
U U U= +g s . 
(v) If there are friction forces, then calculate Wnc. If not then Wnc = 0. 
(vi) Now use Equation 7.7 or Equation 7.8 to find the unknowns. 
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Example 7.3:  A 2-kg mass 
slides down a rough inclined 
plane, as shown in Figure 7.7. 
the mass starts from rest, and the 
friction force is given by f = 5 
N. 
a) Use energy method to find the 
speed of the  block at the bottom 
of the incline. 
b) If the inclined plane is 
frictionless find the speed at that point. 
 
Solution: The ground is chosen as the level for the zero potential 
energy, and the initial point is chosen at the top of the plane, while 
the final point is chosen at the bottom of the plane. Now 
 
 ii mgymvUKE +=+= 2

2
1

iii  
      J76.116.08.920 =××+= , 
and 
 f

2
f2

1
fff mgymvUKE +=+=  

      22
2
1 02 vv =+××= . 

 
Since the plane is rough, we have 
 

 J98.4
37sin
6.05nc −=×−=−= fsW . 

 
Now applying Equation (7.12) we get 
 
 98.476.112 −=−v , 
or 
 m/s6.278.6 ==v . 
 

37o 

s 

2 kg 

K

U mgh
i

i

=
=

0
 

K mv

U
f

f

=
=

1
2

2

0
 

h = 0.6 m 

Figure 7.7 Example 7.2 
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b) In this case , Wnc = 0 , and Equation 7.8 becomes 
 
 076.112 =−v , 
or 
 m/s43.376.11 ==v . 

 
Example 7.4: Two blocks are 
connected by a light string that 
passes over a frictionless pulley as 
shown in  Figure 7.8. The mass m1 
lies on a rough surface, and the 
system is released from rest when 
the spring unsretched (x = 0). The 
mass  m2  falls a distance h before 
coming to rest. Calculate the 
coefficient of kinetic friction 
between  m1 and the surface. 

 
Solution: In this example there are two forms of potential energy: 
the gravitational potential energy and the potential energy of the 
spring, so 
 
 sg UUU ∆+∆=∆ . 
 
But ∆U g is due only to m2, therefore we have 
 
 ghmU 2g −=∆ , 
 
while ∆U s  is associated only to m1, so 
  
 2

2
1

s khU =∆ . 
  

m1 

m2 
h 

i f 

Figure 7.8 Example 7.3 



 CHAPTER 7 CONSERVATION OF ENERGY    

 

135

135

Since the initial and the final speed of the system is zero, the 
0=∆K .  

 
The work done by the frictional force is given by 
  
 hgmfhW )( 1nc µ−=−= . 
 
Now applying Equation (7.11) we get 
 
 2

2
1

21 0 khghmghm +−=− µ , 
or 

 
gm

khgm

1

2
1

2 −
=µ . 
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PROBLEMS 
 

  
7.1 A block of mass 2 kg is at 

the top of an inclined plane 
of height 1.8 m and 
inclination angle of 35o, as 
shown in Figure 7.9. Find 
the gravitational potential 
energy of the block if the 
level of zero potential energy 
is  

 (a) at the bottom of the 
plane,  

 (b) at the top of the plane. 
 
7.2 Referring to the above problem, if the block drops to the 

bottom of the plane, find 
 a) The change in the gravitational potential energy for the two 

choices of the zero level of potential energy, 
 b) The work done by gravity. 
 
7.3 A conservative force acting on a particle varies with x 

according to  iF )32( 2xx +−=  N, with x is in meter. 
 a) Find the potential energy associated with this force, where 

U=0 at x=0. 
 b) Calculate the change in potential energy and change in 

kinetic energy as the particle displaced from x=2 to x=4. 
 
7.4 Calculate the change in gravitational potential energy when a 

850-kg elevator moves from the floor level to the top of a 
building that is 30 m high. 

 
 

1.8 m 

35o 

Figure 7.9 Problems 7.1, and 7.2. 
. 
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7.5 In Figure 7.10 the string has a 

length l = 0.5 m. When the 
ball is released, it will swing 
down  the dotted arc. Find 
the speed of the ball when it 
reaches the lowest point in its 
swing. 

 
7.6 If a nail is located a distance d below the point of suspension 

in Figure 7.10. Show that d must be at least 0.6l if the ball is 
to swing completely around in a circle centered on the nail. 

 
7.7 The system shown in Figure 7.11 starts from rest. If the 4-kg 

block has fallen a distance 2 m, find the speed of the system 
by using conservation of energy. 

7.8 A small block of mass m slides without friction around a loop-
to-loop (Figure 7.12). If the mass is released from a height h= 
5 R, find the speed of the block 

 a) at point Q, 
 b) at the top of the loop. 
 
 

5R 

R 

Figure 7.12 Problem 7.8. 

Q 
 4 kg 

3 kg 2 m 

Figure 7.11 Problem 7.7. 

l 

Figure 7.10 Problems 7.5 and 7.6. 

d 
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7.9 Two masses m1=2 kg and m2=4 
kg are connected by a light rope 
passing over a frictionless pulley 
as shown in Figure 7.13. The 
mass m2 is released from rest. 
Using the conservation of energy, 
find, 

 a) the velocity of mass m1 just as  
m2 hits the ground. 

 b) the maximum height to which  
m1 will rise. 

 
7.10 A pendulum of mass 5 kg and length 2 m has initial maximum 

speed of 4 m/s at the bottom. When the string makes an angle 
of 37° with the vertical, find 

 a)the change in the potential energy of the mass, 
 b) the speed of the mass, 
 c) the tension in the string, 
 d) the maximum height of the mass above the lowest position. 
 
7.11 A block of mass 4 kg is pushed up a rough inclined plane with 

an initial speed of 6 m/s. The plane is inclined at an angle of 
37° to the horizontal. The block comes to rest after traveling 2 
m long. 

 a) Find the change in kinetic energy. 
 b) Find the change in potential energy. 
 c) Determine the frictional force on the block. 
 d) Find the coefficient of 

kinetic friction. 
 
7.12 A small mass m=0.5 kg slides 

on an irregular path, starting 
from rest at point A as shown in 
Figure 7.14. The segment from 
A to B is frictionless, and the 

 m2 

m1 
3 m 

Figure 7.13 Problem 7. 9. 

2 m 
6 m 

A 
C 

B 
Figure 7.14Example 7.12. 
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segment from B to C is rough. 
 a) Determine the speed of the mass at B. 
 b) If the mass comes to rest at C, find the total work done by 

friction in going from B to C. 
 c) What is the net work done by the non conservative forces 

as the mass moves from point A to point C? 
 

7.13 A particle slides a long a curved track with flat part of length l 
=  5 m, as shown in Figure 7.15. The flat part is rough 
with 3.0=kµ , while the curved portions are smooth. The 
particle is released from a height of 3 m. Where dose the 
particle finally come to rest? 

 
7.14 A particle of mass 100 g is 

released from rest at point A 
along the diameter on the 
inside of a smooth hemi-
spherical bowl of radius 
R=9 cm, as in Figure 7.16. 

 a) Calculate the gravitational 
potential energy of the 
particle at point A relative to 
point B. 

 b) Find its kinetic energy at B. 
 c) Calculate its speed at point B. 

3m 

vi = 0 

5 m 

Figure 7.15 Problem 7.13. 

6 cm 

Figure 7.16 Problem 7.14. 

A 

B 

C 9 cm 
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 d) Find the kinetic energy and potential energy at point C. 
 
7.15 In problem 7.14, if the surface of the bowl is rough, and the 

speed at point B is 1.0 m/s.  
 a) Find the kinetic energy at B. 
 b) How much energy is lost as a result of friction as the 

particle goes from A to B? 
 

7.16 A 8-kg block is released from rest at the top of the track 
shown in Figure 7.17. The track is 4-m high and smooth 
except for the portion AB whose length is 8 m, where µk = 
0.4. At the end of the track the block hits a spring of force 
constant 800 N/m. What is the maximum compression of the 
spring? 

 
7.17 A 10-kg block is connected to a 

light spring having a spring 
constant of 100 N/m on a rough 
inclined plane as shown in 
Figure 7.18. The block is 
released from rest when the 
spring is unstretched and the 
pulley is frictionless. The block 
moves 10 cm down the incline 

8 m 

k=800 

A B 

4 m 

Figure 7.17 Problem 7.16. 
 

10 kg 

30o 

Figure 7.18 Problem 7.17. 
 

k = 100 N/m 
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before coming to rest. Find the coefficient of kinetic friction 
between the block and the incline. 

 
7.18 A 3 kg block is pushed 

against a spring on a smooth 
30o incline as shown in 
Figure 7.19. The spring, 
whose force constant is 80 
N/m, is compressed 10 cm 
and then released. How far 
along the incline the block 
will reach? 

 
7.19 A block of mass 8 kg is 

released from rest at the top 
of a smooth, 30o inclined 
plane. At the bottom of the 
plane the block collides with 
a spring of force constant 
1500 N/m. If the block starts 
at a height of 2.5 m from the 
equilibrium position of the 
spring, find the compressing 
distance of the spring before stops momentarily. 

 
7.20 Figure 7.21 shows two 

blocks of masses 10 kg and 
20 kg which are connected 
by a rope that passes over a 
frictionless pulley. The 20-
kg block is connected to 
unstreched spring of 
negligible mass and spring 
constant 200 N/m. The 10-
kg block is pulled a 

3 kg 

30o

- 

Figure 7.19 Problem 7.18. 
 

20 kg 

53o 

Figure 7.21 Problem 7.19. 

10 kg 

8 kg 

30o

- 

Figure 7.20 Problem 7.19. 
 

2.5 m 
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distance of 20 cm down the smooth incline, and then released 
from rest. Find the speed of each block when the 20-kg block 
returns to its initial position. 

 
7.21  A block is dragged down a 30o- 

incline a distance of 4 m by a  3-
N force that is parallel to the 
plane, as shown in Figure 7.22. 
The frictional force that retard the 
motion is 6 N. If the kinetic 
energy of the block is increases 
by 32 J as it moves the 4-m 
distance,  

 a) What is the change in the 
potential energy as that block moves that distance? 

 b) What is the mass of the block? 
 
7.22 Two masses m1 = 40 kg and m2 = 

80 kg are connected by a string as 
shown in Figure 7.23. The pulley is 
frictionless and light. The 
coefficient of kinetic friction is µ
k=0.2. Find the change in kinetic 
energy of the system as m1 moves a 
distance 20 m up the incline. 

 
7.23 In Figure 7.24, a mass m rests on a 

spring , compressing it a distance 
d from its equilibrium position. 
Then suppose that the mass is put 
on the unstretched spring with 
initial velocity equal to zero. 

 a) Find the maximum compression 
distance dmax (in terms of d) of 
the spring as the mass moves 

m1 
m2 

37o 

Figure 7.23 Problem 7.22. 

3 N 

Figure 7.22 Problem 7.19. 
 

30o 

Figure 7.24 Problem 7.23. 

d 

Equilibrium level 
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downward. 
 b) Find the maximum speed of the mass. 
 
7.24 A particle is placed on top 

of a smooth, 
hemispherical surface of 
radius R, as shown in 
Figure 7.25. The block is 
given a very small push 
and starts slides down the 
hemisphere. Show that the 
block will leave the 
surface at a point whose height is R3

2 . 

R 

Figure 7.25 Problem 7.24. 
 


