
122 Linear Regression Analysis: Theory and Computing

The first hypothesis test (a) is the multiple test for checking if all parameters
are zero and the observed value of the corresponding F test statistic is
2302.95 with the p-value < .0001. Thus, we cannot confirm H0. For the
second hypothesis test (b) the observed value of the corresponding F test
statistic is 14.69 with the p-value 0.0015. Since the p-value is less than the
significance level we cannot confirm H0 either.
Again, we use the Pine Trees Data to illustrate how to find the least squares
estimation under linear restrictions. The following SAS code compute the
least squares estimates under the linear restrictions β0 = 3.23 and β1 = β2.

proc reg data=pinetree;

model MDBH=x1 x2 x3;

restrict intercept=3.23, x1=x2/print;

run;

It is noted that the least squares estimates from the regression model with-
out any linear restrictions are b0 = 3.2357, b1 = 0.09741, b2 = −0.000169
and b3 = 3.4668. The least squares estimates with the linear restric-
tions β0 = 3.23 and β1 = β2 are b0 = 3.23, b1 = b2 = 0.00005527 and
b3 = 33.92506.

Problems

1. Using the matrix form of the simple linear regression to show the un-
biasness of the b. Also, calculate the covariance of b using the matrix
format of the simple linear regression.

2. Let X be a matrix of n ×m and X = (X1,X2), where X1 is n × k
matrix and X2 is n× (m− k) matrix. Show that

(a). The matrices X(X
′
X)−1X

′
and X1(X

′
1X1)−1X

′
1 are idempo-

tent.
(b). The matrix X(X

′
X)−1X

′ −X2(X
′
2X2)−1X

′
2 is idempotent.

(c). Find the rank of the matrix X(X
′
X)−1X

′ −X2(X
′
2X2)−1X

′
2.

3. The least squares estimators of the regression model Y = Xβ + ε are
linear function of the y-observations. When (X

′
X)−1 exists the least

squares estimators of β is b = (X
′
X)−1Xy. Let A be a constant

matrix. Using Var(Ay) = AVar(y)A
′
and Var(y) = σ2I to show that

Var(b) = σ2(X
′
X)−1.
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4. Show that the HAT matrix in linear regression model has the property
tr(H) = p where p is the total numbers of the model parameters.

5. Let hii be the ith diagonal elements of the HAT matrix. Prove that

(a). For a multiple regression model with a constant term hii ≥ 1/n.
(b). Show that hii ≤ 1. (Hint: Use the fact that the HAT matrix is

idempotent.)

6. Assume that the data given in Table 3.25 satisfy the model

yi = β0 + β1x1i + β2x2i + εi,

where εi’s are iid N(0, σ2).

Table 3.25 Data Set for Calculation of Confidence Interval on Regression Prediction

y 12.0 11.7 9.3 11.9 11.8 9.5 9.3 7.2 8.1 8.3 7.0 6.5 5.9

x1 3 4 5 6 7 8 9 10 11 12 13 14 15
x2 6 4 2 1 0 1 2 1 -1 0 -2 -1 -3

Data Source: Franklin A. Grabill, (1976), Theory and Application of the linear model.
p. 326.

(a). Find 80 percent, 90 percent, 95 percent, and 99 percent confidence
interval for y0, the mean of one future observation at x1 = 9.5 and
x2 = 2.5.

(b). Find a 90 percent confidence interval for ȳ0, the mean of six ob-
servations at x1 = 9.5 and x2 = 2.5.

7. Consider the general linear regression model y = Xβ+ ε and the least
squares estimate b = (X

′
X)−1X

′
y. Show that

b = β +Rε,

where R = (X
′
X)−1X

′
.

8. A scientist collects experimental data on the radius of a propellant grain
(y) as a function of powder temperature, x1, extrusion rate, x2, and
die temperature, x3. The data is presented in Table 3.26.

(a). Consider the linear regression model

yi = β�0 + β1(x1i − x̄1) + β2(x2i − x̄2) + β3(x3i − x̄3) + εi.

Write the vector y, the matrix X, and vector β in the model
y = Xβ + ε.
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Table 3.26 Propellant Grain Data

Grain Radius Powder Temp (x1) Extrusion Rate (x2) Die Temp (x3)

82 150 12 220
92 190 12 220
114 150 24 220
124 150 12 250
111 190 24 220
129 190 12 250
157 150 24 250
164 190 24 250

(b). Write out the normal equation (X
′
X)b = X

′
y. Comment on

what is special about the X
′
X matrix. What characteristic in

this experiment do you suppose to produce this special form of
X

′
X.

(c). Estimate the coefficients in the multiple linear regression model.
(d). Test the hypothesis H0 : Lβ1 = 0, H0 : β2 = 0 and make conclu-

sion.
(e). Compute 100(1−α)% confidence interval on E(y|x) at each of the

locations of x1, x2, and x3 described by the data points.
(f). Compute the HAT diagonals at eight data points and comment.
(g). Compute the variance inflation factors of the coefficients b1, b2,

and b3. Do you have any explanations as to why these measures
of damage due to collinearity give the results that they do?

9. For the data set given in Table 3.27

Table 3.27 Data Set for Testing Linear Hypothesis

y x1 x2

3.9 1.5 2.2
7.5 2.7 4.5
4.4 1.8 2.8
8.7 3.9 4.4
9.6 5.5 4.3
19.5 10.7 8.4
29.3 14.6 14.6
12.2 4.9 8.5

(a). Find the linear regression model.
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(b). Use the general linear hypothesis test to test

H0 : β1 = β2 = 0

and make your conclusion. Use full and restricted model residual
sums of squares.

10. Consider the general linear regression model y = Xβ+ ε and the least
squares estimate b = (X

′
X)−1X

′
y. Show that

b = β +Rε,

where R = (X
′
X)−1X

′
.

11. In an experiment in the civil engineering department of Virginia Poly-
technic Institute and State University in 1988, a growth of certain type
of algae in water was observed as a function of time and dosage of
copper added into the water. The collected data are shown in Table
3.28.

(a). Consider the following regression model

yi = β0 + β1x1i + β2x2i + β12x1ix2i + εi

Estimate the coefficients of the model, using multiple linear re-
gression.

(b). Test H0 : β12 = 0 versus H1 : β12 �= 0. Do you have any reason to
change the model given in part (a).

(c). Show a partitioning of total degrees of freedom into those at-
tributed to regression, pure error, and lack of fit.

(d). Using the model you adopted in part (b), make a test for lack of
fit and draw conclusion.

(e). Plot residuals of your fitted model against x1 and x2 separately,
and comment.
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Table 3.28 Algae Data

y(unit of algae) x1(copper, mg) x2(days)

.3 1 5
.34 1 5
.2 2 5
.24 2 5
.24 2 5
.28 3 5
.2 3 5
.24 3 5
.02 4 5
.02 4 5
.06 4 5
0 5 5
0 5 5
0 5 5
.37 1 12
.36 1 12
.30 2 12
.31 2 12
.30 2 12
.30 3 12
.30 3 12
.30 3 12
.14 4 12
.14 4 12
.14 4 12
.14 5 12
.15 5 12
.15 5 12
.23 1 18
.23 1 18
.28 2 18
.27 2 18
.25 2 18
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Table 3.28 Cont’d

y(unit of algae) x1(mg copper) x2(days)

.27 3 18

.25 3 18

.25 3 18

.06 4 18

.10 4 18

.10 4 18

.02 5 18

.02 5 18

.02 5 18

.36 1 25

.36 1 25

.24 2 25

.27 2 25

.31 2 25

.26 3 25

.26 3 25

.28 3 25

.14 4 25

.11 4 25

.11 4 25

.04 5 25

.07 5 25

.05 5 25


