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Abstract

The Hamilton-Jacobi formalism of constrained systems is used to study Siegel superparticles moving

in R4|4 flat superspace. The equations of motion for a singular system are obtained as total differential

equations in many variables. These equations of motion are in exact agreement with those obtained by

Dirac’s method.
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1. Introduction

The Hamiltonian formulation of constrained systems was initiated by Dirac [1]. He obtained the equations
of motion of a singular Lagrangian system by using the consistency conditions. He also showed that the
number of degrees of freedom of the mechanical system can be reduced [2, 3]. An alternative Hamilton-
Jacobi scheme for constrained systems was proposed by Güler [4,5]. Güler used the Hamilton-Jacobi partial
differential equations to obtain the equations of motion as total differential equations. The Hamilton-Jacobi
formalism applied only to a few number of physical examples as the electromagnetic field, relativistic particle
in an external Electromagnetic field, the Young-Mills field and the Einstein gravitational field [6–9]. But
a better understanding of this approach as a utility in the study of singular systems is still lacking, and
such understanding can only be achieved through its application to other interesting physical systems. Here
we apply this technique to the superparticle with spacetime supersymmetry (with bosonic and fermionic
variables in a unique and compact notation), via the massless superparticle discovered by Siegel [10]. The
advantage of the Hamilton-Jacobi formalism is that we have no difference between first and second class
constraints and we do not need a gauge-fixing term because the gauge variables are separated in the processes
of constructing an integrable system of total differential equations.

The work is organized as follows: In section 2, Hamilton-Jacobi Formulation is presented. The motion
of Siegel Superparticle is analyzed by using Hamilton-Jacobi Formulation in section 3. In section 4 the
conclusion is given.
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2. Hamilton-Jacobi formalism of constrained systems

The system that is described by the Lagrangian L(qi, q̇i, t), i = 1, ..., n, is a constrained system if the
Hessian matrix

Aij =
∂2L

∂q̇i∂q̇j
i, j = 1, . . . , n, (1)

has a rank (n − p), p < n. In this momenta p are dependent of each other. The generalized momenta Pi
corresponding to the generalized coordinates qi are defined as

Pa =
∂L

∂q̇a
, a = 1, . . . , n− p, (2)

Pµ =
∂L

∂q̇µ
, µ = n− p+ 1, . . . , n. (3)

Since the rank of the Hessian matrix is (n − p), one may solve eqn. (2) for q̇a as

q̇a = ωa(qi, q̇µ, Pb). (4)

Substituting eqn. (4) into eqn. (3), we obtain relations in qi, Pa, q̇ν and t in the form

Pµ =
∂L

∂q̇µ |q̇a=ωa

= −Hµ(qi, q̇µ, q̇a = ωa, Pa, t). (5)

The canonical Hamiltonian H0 is defined as

H0 = −L(qi, q̇µ, q̇a = ωa, t) + Paωa + q̇µPµ|Pν=−Hν
. (6)

The set of Hamilton-Jacobi partial differential equations (HJPDE)
is expressed as

H ′
α(qβ; qa;Pa =

∂s

∂qa
;Pµ =

∂s

∂qµ
) = 0, α, β = 0, 1, . . . , r, (7)

where

H ′
0 = P0 +H0; (8)

H ′
µ = Pµ +Hµ. (9)

with q0 = t and S being the action. The equations of motion are obtained as total differential equations in
many variables such as,

dqa =
∂H ′

α

∂Pa
dtα, (10)

dPr = −∂H
′
α

∂qr
dtα, r = 0, 1, . . . , n, (11)

dZ = (−Hα + Pa
∂H ′

α

∂Pa
)dtα, (12)

where Z = S(tα, qa). These equations are integrable if and only if [11, 12]

dH ′
0 = 0, (13)

dH ′
µ = 0, µ = n− p+ 1, . . . , n. (14)

If conditions (13) and (14) are not satisfied identically, we consider them as new constraints and we examine
their variations. Thus repeating this procedure, one may obtain a set of constraints such that all variations
vanish.
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3. Hamilton-Jacobi Formulation of Siegel Superparticle

Consider the Siegel Superparticle action [10, 13]

S =
∫
{ 1

2e
(ẋm + iθσm ˙̄θ − iθ̇σmθ̄ + iψσm ρ̄− iρσmψ̄)2 − ραθ̇α − ρ̄α̇ ˙̄θ

α̇
}dτ. (15)

The Lagrangian is

L =
1
2e

(ẋm + iθσm ˙̄θ − iθ̇σmθ̄ + iψσmρ̄− iρσmψ̄)2 − ραθ̇α − ρ̄α̇ ˙̄θ
α̇
. (16)

The singularity of the the Lagrangian follows from the fact that the rank of the Hessian matrix Aij is one.
The canonical momenta defined in eqns. (2, 3) take the forms

Pm =
∂L

∂ẋm
=

1
e

(ẋm + iθσm ˙̄θ − iθ̇σmθ̄+ iψσm ρ̄− iρσmψ̄), (17)

Pθ =
∂L

∂θ̇
= −iPmσmθ̄ − ρα = −Hθ, (18)

Pθ̄ =
∂L

∂ ˙̄θ
= iθσmPm − ρα̇ = −Hθ̄, (19)

Pψ =
∂L

∂ψ̇
= 0 = −Hψ, (20)

Pψ̄ =
∂L

∂ ˙̄ψ
= 0 = −Hψ̄, (21)

Pρ =
∂L

∂ρ̇
= 0 = −Hρ, (22)

Pρ̄ =
∂L

∂ ˙̄ρ
= 0 = −Hρ̄, (23)

and

Pe =
∂L

∂ė
= 0 = −He. (24)

Since the rank of the Hessian matrix is one, we can solve eqn. (17) for ẋm in terms of Pm and other
coordinates:

ẋm = ePm − iθσm ˙̄θ + iθ̇σmθ̄− iψσmρ̄+ iρσmψ̄ ≡ ωm. (25)

The canonical Hamiltonian H0 is obtained as

H0 =
1
2
eP 2 − iψσmρ̄Pm + iρσmψ̄Pm. (26)

The set of HJPDE’s are:

H ′
0 = P0 +

1
2
eP 2 − iψσm ρ̄Pm + iρσmψ̄Pm, (27)

475



FARAHAT, ELEGLA

H ′
θ = Pθ + Pmσmθ̄ + ρα, (28)

H ′
θ̄ = Pθ̄ − iθσmPm + ρα̇, (29)

H ′
ψ = Pψ, (30)

H ′
ψ̄ = Pψ̄, (31)

H ′
ρ = Pρ, (32)

H ′
ρ̄ = Pρ̄, (33)

H ′
e = Pe. (34)

Therefore, the total differential equations for the characteristics equations (10, 11) read as

dxm = (ePm − iψσmρ̄+ iρσmψ̄)dt+ iσmθ̄dθ− iθσmdθ̄, (35)

dPm = 0, (36)

dPθ = (iσmPm)dθ̄, (37)

dPθ̄ = (−iPmσm)dθ, (38)

dPψ = (iPmσmρ̄)dt, (39)

dPψ̄ = (−iρσmPm)dt, (40)

dPρ = (−iσmψ̄Pm)dt− dθ, (41)

dPρ̄ = (iψσmPm)dt− dθ̄, (42)

dPe = (
1
2
P 2)dt. (43)

To check whether the set of eqns. (35) to (43) are integrable or not, let us consider the total variations of
the set of HJPDE’s. The variation of

dH ′
0 = 0, (44)

dH ′
θ = 0, (45)

dH ′
θ̄ = 0. (46)
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are identically zero, whereas the variation of

dH ′
ψ = (iPmσmρ̄)dt = H ′′

ψdt, (47)

dH ′
ψ̄ = (−iρσmPm)dt = H ′′

ψ̄dt, (48)

dH ′
ρ = (−iσmψ̄Pm)dt− dθ = H ′′

ρ dt, (49)

dH ′
ρ̄ = (iψσmPm)dt− dθ̄ = H ′′

ρ̄ dt, (50)

dH ′
e = (

1
2
P 2)dt = H ′′

e dt (51)

are not. Therefore we obtain the following set of additional constraints:

H ′′
ψ = iPmσ

mρ̄, (52)

H ′′
ψ̄ = −iρσmPm, (53)

H ′′
ρ = −iσmψ̄Pm, (54)

H ′′
ρ̄ = iψσmPm, (55)

H ′′
e =

1
2
P 2. (56)

One notices that the total differential of H ′′
ψ, H ′′

ψ̄
, H ′′

ρ , H ′′
ρ̄ and H ′′

e vanish identically, i.e.

dH ′′
ψ = 0, (57)

dH ′′
ψ̄ = 0, (58)

dH ′′
ρ = 0, (59)

dH ′′
ρ̄ = 0, (60)

dH ′′
e = 0. (61)

Thus the equations of motion (35–43) and the new constraints (52–56) represent an integrable system.

4. Conclusion

In this paper we studied Hamilton-Jacobi formulation of constrained systems. In this formalism we have
no first or second class constraints as in the Dirac’s classification at the classical level; but the constraints
arises naturally in the set of Hamilton-Jacobi Equations. In this approach, the equations of motion are
obtained as total differential equations in many variables. If the system is integrable, then we can obtain
the canonical Hamiltonian in terms of the canonical physical variables without using any gauge fixing condi-
tion. Hamilton-Jacobi Formulation was applied to Siegel superparticle moving in R4|4 flat superspace. The
equations of motion are obtained as total differential equations in many variables; and as the integrability
conditions dH ′

α’s are satisfied, then the system is integrable. Our result are in agreement with those given
in Dirac’s method [13].
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