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INTRODUCTIONINTRODUCTION
The optimization problem in which the performance 
measure is a function of one variable is the most 
elementary type of optimization problem. It is of central 
importance to optimization theory and practice, for 
several reasons:

1- It is a type of problem that the engineer commonly 
encounters in practice.

2- Single-variable optimization often arises as a 
subproblem within the iterative procedures for solving 
multivariable optimization problems.

3- Because of the central importance of the single-
variable problem, it is not surprising that a large number 
of algorithms have been devised for its solution.



Basically, these methods can be categorized 
according to the nature of the function ƒ(x) and the 
variable x involved as well as the type of information 
that is available about ƒ(x).

A function ƒ(x) is a rule that assigns to every choice 
of x a unique value y=ƒ(x). In this case, x is called 
the independent variable and y is called the 
dependent variable.

PROPERTIES OF SINGLE-VARIABLE FUNCTIONS



►Mathematically, consider a set S ⊂⊂ R, where R is 
the set of all real numbers. We can define that every 
point x ∈∈ S. Such a correspondence is called a 
scalar function ƒ defined on the set S.
►When the set S=R, we have an unconstrained function of 
one variable.
►When S is a proper subset of R, we have a function defined 
on a constrained regionconstrained region.

Is an unconstrained function

is a constrained function.

ƒ the objective function and, S the feasible region, the 
constraint set, or the domain of interest of xx.



Most physical processes can be modeled or 
described by continuous functions, that is, functions 
that are continuous at every point x in their domain. 
However, it is not at all unusual in engineering 
applications to encounter discontinuous functions.



Note: It is important to remember the following properties of 
continuous functions:
1. A sum or product of a continuous function is continuous.
2. The ratio of two continuous functions is continuous at all 
points where the denominator does not vanish.

Pipe is made only in a 
finite number of sizes.



► A method that is effective for continuous functions 
will probably not be effective for discontinuous 
functions, although the converse may be possible.

Monotonic FunctionsMonotonic Functions. A function ƒ(x) is monotonic (either 
increasing or decreasing) if for any two points x1 and x2, with 
x1 ≤ x2, it follows that:
ƒ(x1) ≤ ƒ(x2) (monotonically increasing)
ƒ(x1) ≥ ƒ(x2) (monotonically decreasing)



Figure 2.5 illustrates a function that is monotonically 
decreasing for x ≤ 0 and increasing for x ≥ 0. The 
function attains its minimum at x = x* (origin), and it 
is monotonic on either side of the minimum point. 
Such a function is called a unimodalunimodal function.function.



Definition
A function ƒ(x) is unimodal on the interval a ≤ x ≤ b if and only 
if it is monotonic on either side of the single optimal point x* in 
the interval.
In other wordsIn other words, if x* is the single minimum point of single minimum point of ƒƒ(x(x)) in the 
range a ≤ x ≤ b, then ƒ(x) is unimodal on the interval if and if and 
only ifonly if for any two points x1 and x2

As shown in Figure, a function does not have to be continuous to be 
unimodal. Unimodality is an extremely important functional property 
used in optimization.



OPTIMALITY CRITERIAOPTIMALITY CRITERIA

In considering optimization problems, two questions 
generally must be addressed:

1.Static Question. How can one determine whether 
a given point x* is the optimal solution?

2.Dynamic Question. If x* is not the optimal point, 
then how does one go about finding a solution that 
is optimal?



Definitions

A function ƒ(x) defined on a set SS attains its global global 
minimumminimum at a point xx****∈∈SS if and only if

ƒ(x**) ≤ ƒ(x) for all x ∈ S

A function ƒ(x) defined on SS has a local minimum local minimum 
((relative minimumrelative minimum)) at a point xx**∈∈SS if and only if

ƒ(x*) ≤ ƒ(x)         for all x within a distance ε from x* 

that is, there exists an  ε>0 such that, for all x x 
satisfying ││xx--xx**││<< εε , ƒƒ(x(x*) *) ≤≤ ƒƒ(x(x).).



Remarks
1. By reversing the directions of inequality, we can get the 

equivalent definitions of global maximum and local maximum.
2. Under the assumption of unimodality, the local minimum 

automatically becomes the global minimum.
3. When the function is not unimodal, multiple local optima are 

possible and the global minimum can be found only by 
locating all local optima and selecting the best one.



Theorem 2.1
Necessary conditions for x*x* to be a local minimum (maximum) local minimum (maximum) 
of of ƒƒ on the open interval ((aa, , bb),), providing that ƒ is twice 
differentiable, are that

►These are necessary conditions, which means that if they are if they are 
not not satisfiedsatisfied, then xx* is * is not not a local minimum (maximum).a local minimum (maximum).

►On the other hand, if they if they are are satisfiedsatisfied, we still have no 
guarantee that x* is a local minimum (maximum).

For example, consider the function ƒ(x) = x3, does not 
achieve a minimum or a maximum at x* = 0.



Definitions
A stationary point is a point x* at which

An inflection pointinflection point or saddlepointsaddlepoint is a stationary point that 
does notnot correspond to a local optimum (minimum or 
maximum).

To distinguish whether a stationary point corresponds to a 
local minimum, a local maximum, or an inflection point, we 
need the sufficient conditions of optimality.



Applying Theorem 2.2 to the 
function ƒ(x)=x3 shown in 
Figure 2.8, we note that

ƒ(x)=x3

Theorem 2.2
Suppose at a point x* the first derivative is zero and the first 
nonzero higher order derivative is denoted by nn.

(i) If n is odd, then x* is a point of inflection.
(ii) If n is even, then x* is a local optimum. Moreover:

(a) If that derivative is positive, then the point x* is a local 
minimum.

(b) If that derivative is negative, then the point x* is a local 
maximum. The Proof as in the textbook-page 39 



Remark
we have assumed that the function is always differentiable, in 
other words, that continuous first derivatives always exist. 
However, if the function is not differentiable at all points, then 
even the necessary condition for an unconstrained optimum,

For example,For example, consider the piecewise linear function given by

The function is continuous at all points. But it is not differentiable 
at the point x 2, and the function attains its maximum at x 2, 
which is not a stationary point by our definition.



Example 2.1

Consider the function

defined on the real line. The first derivative of this function is

Clearly, the first derivative vanishes at x=0, 1, 2, 3, and hence 
these points can be classified as stationary points. The second 
derivative of ƒ is

Evaluating this derivative at the four candidate points x 0, 1, 
2, 3, we obtain that :-



We conclude that x =x = 1, 3 are local minima1, 3 are local minima and x =x = 2 is a local 2 is a local 
maximum.maximum. To characterize x = 0, the next higher derivative 
must be evaluated:

Since this is an oddSince this is an odd--order derivative and is nonzero, the point order derivative and is nonzero, the point 
x =x = 0 is not an optimum point but an 0 is not an optimum point but an inflection pointinflection point..



Then:-

Step 1. Set dƒ/dx = 0 and compute all stationary points.

Step 2. Select all stationary points that belong to the interval 
[a, b]. Call them x1, x2, . . . , xN. These points, along with a and 
b, are the only points that can qualify for a local optimum.

Step 3. Find the largest value of ƒ(x) out of ƒ(a), ƒ(b), ƒ(x1), . . . 
, ƒ(xN). This value becomes the global maximum point.

The next question is how to determine the global maximum how to determine the global maximum 
or minimum of a function of one variableor minimum of a function of one variable. Since the global 
optimum has to be a local optimum, a simple approach is to 
compute all local optima and choose the best.



To find the global maximum, evaluate ƒ(x) at x = 3,–1,–2, and 4:
ƒ(3) = 37, ƒ(1) = 5,  ƒ(2) = 12, ƒ(4) = 30

Hence x = 3 maximizes ƒ over the interval (–2, 4).

Example 2.2

Maximize ƒ(x)= –x3 +3x2 +9x +10 in the interval –2 ≤ x ≤ 4. 
Set

Solving this equation, we get x = 3 and x = 1 as the two 
stationary points, and both are in the search interval.

the definition of unimodal functions does not suggest a simple 
test for determining whether or not a function is unimodal. 
However, there exists an important class of unimodal functions 
in optimization theory, known as convexconvex and concaveconcave
functions, which can be identified with some simple tests.

Examples 2.3 and 2.4 explain that. 



REGION ELIMINATION METHODS

►►Now we shall address the dynamic question, 
namely, how to determine the optimal or candidate how to determine the optimal or candidate 
optimal solutionsoptimal solutions. For this we shall study a number 
of single-variable search methods for locating the 
optimal point in a given interval. Search methods that Search methods that 
locate a singlelocate a single--variable optimum by successively variable optimum by successively 
eliminating subintervalseliminating subintervals so as to reduce the remaining 
interval of search are called region elimination region elimination 
methods.methods.



Theorem 2.3
Suppose ƒ is strictly unimodal on the interval a ≤ x ≤ b with a 
minimum at x*. Let x1 and x2 be two points in the interval such 
that a < x1 < x2 < b. Comparing the functional values at x1 and 
x2, we can conclude:

(i) If ƒ(x1) > ƒ(x2), then the minimum of ƒ(x) does not lie in the 
interval (a, x11). In other words, x* ∈ (x1, b) (see Figure 2.10).

(ii) If ƒ(x1) < ƒ(x2), then the minimum does not lie in the interval 
(x2, b) or x* ∈ (a, x2) (see Figure 2.10).



Note: When ƒ(x1) = ƒ(x2), we could eliminate both ends, (a, x1) 
and (x2, b), and the minimum must occur in the interval (x1, x2) 
providing ƒ(x) is strictly unimodal.

► Theorem 2.3, sometimes called the elimination property.
► The optimum is found by recursively eliminating sections of optimum is found by recursively eliminating sections of 
the initial bounded interval.the initial bounded interval.
► When the remaining subinterval is reduced to a sufficiently 
small length, the search is terminated.
► All that is required is that given a point x the value of the 
function ƒ(x) can be determined by direct evaluation or by a 
simulation experiment. Generally, these search methods can 
be broken down into two phases:

Bounding Phase. An initial coarse search that will bound or 
bracket the optimum.

Interval Refinement Phase. A finite sequence of interval 
reductions or refinements to reduce the initial search interval 
to desired accuracy.



Bounding Phase

this bounding search is conducted using some heuristic 
expanding pattern, although extrapolation methods have also 
been devised. An example of an expanding pattern is SwannSwann’’s s 
methodmethod

in which the (k+1)st test point is generated using the recursion

where x0 is an arbitrarily selected starting point and Δ is a 
step-size parameter of suitably chosen magnitude.

The sign of Δ is determined by comparing ƒ(x0), ƒ(x0+│Δ│),
and ƒ(x0–│Δ│).



If

then, because of the unimodality assumption, the minimum 
must lie to the right of x0, and Δ is chosen to be positive. If the 
inequalities are reversed,Δ is chosen to be negative; if

the minimum has been bracketed between x0 –│Δ│ and 
x0+│Δ│ and the bounding search can be terminated. The 
remaining case,

is ruled out by the unimodality assumption. However, 
occurrence of the above condition indicates that the given 
function is not unimodal.



Example 2.5
Consider the problem of minimizing ƒ(x) = (100 – x)2 given the 
starting point x0 = 30 and a step size │Δ│= 5.
The sign of Δ is determined by comparing

Δ must be positive, and the minimum point x* must be greater 
than 30. Thus,



Note that the effectiveness of the bounding search depends the bounding search depends 
directly on the step size directly on the step size ΔΔ. If If ΔΔ is large, a poor bracketis large, a poor bracket, that is, 
a large initial interval, is obtained. On the other hand, if if ΔΔ is is 
small,small, many evaluations may be necessary before a bound 
can be established.


