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Input Analysis

• The validity of the output is no better than the validity of the input
– “Garbage-in, garbage-out”

• Steps in developing input data
– Sample input data from the real system – to be used in the input data

model development
– Choose the type of random variables (e.g., Poisson arrival process) to

model the input data
– Estimate parameters for the random variable’s probability distribution
– Evaluate the chosen type of random variable and parameters using one or

more goodness of fit tests
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Data Collection Recommendations

• Begin by performing a practice session and watch for unusual
circumstances

• Analyze the data as it is being collected to check adequacy of
collection process

• Combine homogeneous data sets, e.g. successive time periods, during
the same time period on successive days

• Be aware of data censoring, e.g., if the quantity is not observed in its
entirety, there is a danger of leaving out long process times

• Check for the relationship between variables, e.g. build a scatter
diagram, calculate R2

• Check for autocorrelation, i.e., high correlation between data taken at
different times, e.g., every third value

• Collect input data, not performance data
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Identifying the Distribution

• Examine histograms
• Check to see if the process appears stationary
• Select a distribution to test against
• Estimate parameters
• Perform a goodness-of-fit test
• Repeat as necessary
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Histograms

• A frequency distribution or histogram is useful in determining the
shape of a distribution

• The number of bins depends on:
– The number of observations
– The dispersion of the data
– Example rule: the square root of the sample size
– If few data points are available: combine adjacent cells to eliminate the

ragged appearance of the histogram
• For continuous data:

– Corresponds to the probability density function of a theoretical distribution
• For discrete data:

– Corresponds to the probability mass function
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• Significant differences in
appearance for different bin sizes

Histograms

Same data
with different

bin sizes



71ISMT 135 - Spring 2006

Selecting the Type of Distribution (1)

• Questions
– Is the process naturally discrete or continuous valued?
– Is it bounded?

• A family of distributions is selected based on:
– The context of the input variable
– Shape of the histogram

• Frequently encountered distributions:
– Easier to analyze: exponential, normal and Poisson
– Harder to analyze: beta, gamma and Weibull

• The selected probability distribution models actual stochastic input
process
– Models are not reality
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Selecting the Type of Distribution (2)

Use the physical basis of the distribution as a guide, for example:

• Binomial: # of successes in n trials
• Poisson: # of independent events that occur in a fixed amount of time

or space
• Normal: models a process that is the sum of a number of component

processes
• Exponential: time between independent events, or a process time that

is memoryless
• Weibull: time to failure for components
• Discrete or continuous uniform: models unweighted uncertainty
• Triangular: a process for which only the minimum, most likely, and

maximum values are known
• Empirical: resamples from the actual data collected
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Parameter Estimation

• Next step after selecting a specific distribution type

• If observations in a sample of size n are x1, x2, …, xn (discrete or
continuous), the sample mean and variance are:
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• Vehicle Arrival Example: # of vehicles arriving at a toll plaza between 7
am and 7:05 AM was monitored for 100 random workdays

Histograms

Arrivals per 

Period Frequency

0 12

1 10

2 19

3 17

4 10

5 8

6 7

7 5

8 5

9 3

10 3

11 1



75ISMT 135 - Spring 2006

Toll booth example

• The sample mean
and variance are

• The histogram is suggestive of a Possion distribution to model the number of
arrivals in a unit of time
– However, note that the sample mean is not equal to sample variance as you

would expect in a Poisson distribution
– One possible reason: the estimator is a random variable, so you don’t expect a

perfect fit
– Another possible reason: the arrival process is not modeled well by a Poisson

distribution, i.e., it’s not a Poisson arrival process

Parameter Estimation
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Goodness-of-Fit Tests

• Conduct hypothesis testing on input data distribution using:
– Kolmogorov-Smirnov test
– Chi-square test

• No single correct distribution in a real application exists
– If very little data is available, it is unlikely to reject any candidate

distributions
– If a lot of data is available, it is likely to reject all candidate distributions
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Chi-Square Test (1)

• Comparing the histogram of the data to the histogram from the hypothesized
distribution works best when samples are large

• By arranging the n observations into a set of k class intervals or cells, the
observed test statistic is:

which approximately follows the chi-square distribution with k-m-1 degrees of freedom, where
m = # of parameters of the hypothesized distribution estimated by the sample statistics

• If the distribution tested is continuous, pi can be calculated from the
cumulative distribution function; the limits of the cell are selected so that the
ei values are large enough (see next slide)

• If the distribution tested is discrete and combining adjacent cell is not
required (so that the ei values are large enough):
– Each value of the random variable should be a class interval, unless

combining is necessary, and
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(Rule of thumb: should be ≥ 5)
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pi =  p(xi) =  P(X =  xi)
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Chi-Square Test (2)

• If the distribution tested is continuous:

where ai-1 and ai are the endpoints of the ith class interval, and f(x) is the
probability density function, F(x) is the cumulative distribution function

– Recommended number of class intervals (k):

– Note: Different grouping of data (i.e., different values of k) can affect the
hypothesis testing result
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pi =  f (x) dx
ai"1

ai
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Sample Size, n Number of Class Intervals, k

20 Do not use the chi-square test

50 5 to 10

100 10 to 20

> 100 n
1/2

 to n/5
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Chi-Square Test: H0 vs H1

• The hypothesis of a chi-square test is:

H0: The random variable X that models the input data with the estimated
parameters has the assumed distribution

H1: The random variable X does not have the assumed distribution

a “small” p-value means it’s unlikely the assumed distribution is correct

a “not-small” p-value gives us no evidence that the assumed
distribution is not correct

• The p-value is a measure of fit, the larger the “better” the fit
– Large p-value ⇒ good fit
– Small p-value ⇒ poor fit
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Chi-Square Test: Example
Tool booth example

H0:  the random variable is Poisson distributed.
H1:  the random variable is not Poisson distributed.

– Degree of freedom is k-m-1 = 7-1-1 = 5, hence, the hypothesis is “rejected at the
0.05 level of significance,” i.e., the p-value is less than 0.05; in fact it’s equal to
0.00004
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1 10 9.6
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Cautions About Using the p-Value

• Many simulation software products, e.g., Arena, use p-value as a
ranking measure to help automatically determine the “best fit”

• Things to be cautious about:
– Arena does not know about the physical basis of the data and sometimes

the distribution it suggests may be inappropriate
– A good fits to observed data does not always lead to the most appropriate

input model
– The p-value does not explain where the lack of fit occurs

• Bottom line:
– Think about the source of the data
– Look at the data
– Look at the histogram
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Fitting a Non-stationary Poisson Process

• Fitting a non-stationary Poisson Process to arrival data is difficult,
possible approaches:
– Fit a very flexible model with lots of parameters or
– Approximate constant arrival rate over some basic interval of time, but vary

it from time interval to time interval

• The second approach is appropriate when you can:
– Observe each time interval repeatedly
– Count arrivals and record arrival times in each time interval



83ISMT 135 - Spring 2006

Fitting a Non-stationary Poisson Process

• The estimated arrival rate during the ith time period is:

where n = # of observation periods, Δt = time interval length
Cij = # of arrivals during the ith time interval on the jth observation period

• Example: Divide a 10-hour business day [8am,6pm] into equal intervals
k = 20 whose length Δt = ½, and observe over n =3 days
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Day 1 Day 2 Day 3

8:00 - 8:00 12 14 10 24

8:30 - 9:00 23 26 32 54

9:00 - 9:30 27 18 32 52

9:30 - 10:00 20 13 12 30

Number of Arrivals

Time Period

Estimated Arrival 

Rate (arrivals/hr)

For instance,
1/3(0.5)*(23+26+32)
= 54 arrivals/hour
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Selecting a Model without Data

• If data is not available, some possible sources to obtain information
about the process are:
– Engineering data: often product or process has performance ratings

provided by the manufacturer or company rules specify time or production
standards

– Expert option: people who are experienced with the process or similar
processes, often, they can provide optimistic, pessimistic and most-likely
times, and they may know the variability as well

– Physical or conventional limitations: physical limits on performance, limits
or bounds that narrow the range of the input process

– The nature of the process
• The uniform, triangular, and beta distributions are often used as input

models
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Selecting a Model without Data

• Example: Production planning simulation.
– Input of sales volume of various products is required, salesperson of product XYZ

says that:
• No fewer than 1,000 units and no more than 5,000 units will be sold.
• Given her experience, she believes there is a 90% chance of selling more than

2,000 units, a 25% chance of selling more than 2,500 units, and only a 1%
chance of selling more than 4,500 units.

– Translating these information into a cumulative probability of being less than or
equal to those goals for simulation input:

i Interval (Sales) Cumulative Frequency, ci

1 1000 ! x ! 2000 0.10

2 2000 < x ! 3000 0.75

3 3000 < x ! 4000 0.99

4 4000 < x ! 5000 1.00


