
Introduction

A GENERAL MODEL OF SYSTEM OPTIMIZATION



SYSTEM DEFINITIONS

 Engineering project design and optimization can be 
effectively approached using concepts of systems 
analysis. 

 A system can be defined as a set of components or 
processes that transform resource inputs into 
product (goods and services) outputs



• Inputs include controllable or decision variables, 

which represent design choices that are open to the 

engineer. 

• Assigning values to controllable variables 

establishes an alternative.

• Outputs describe the performance of the system or 

its consequences upon the environment.

• They indicate the effects of applying design and 

planning decisions via the input variables and are 

evaluated against system objectives and criteria in 

order to assess the worth of the respective 

alternatives in terms of time, reliability, costs or 

other appropriate units.

SYSTEM DEFINITIONS



Detailed Representation of Environmental System



Optimization

 Optimization is the collective process of finding
the set of conditions required to achieve the 
best result from a given situation for a certain
objective;

 In optimization problems, the objective is to 
optimize (maximize or minimize);

 In most aspects of life, continual improvement is 
an important feature and optimization is the 
technique by which improvement can be 
achieved. 



Optimization

 For example, improvement or optimization of 
water distribution networks can be regarded 
from two view points;

 Economic improvement provides an overall 
framework in which a given situation must be 
examined where cost minimized or 
performance efficiency is improved;

 Technical improvement includes hydraulic 
constraints such as head at consumption 
nodes. 



Optimization – Application in Water 
Resources Management

 Our understanding: with increasing pumping rate (Q3>Q2>Q1), more 
decline in the water can be noticed;

 To manage this aquifer, we need to find out the maximum pumping 
rate such that the head in the aquifer does not go below the minimum 
limit
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Optimization – Application in Water 
Resources Management

 We need to find out the relationship between 
head (H) and pumping (Q) in order to figure out 
the Qmax that yields Hmin;

 This relationship is the mathematical model

 For instance; H = α Q + β



Optimization – Application in Water 
Resources Management

 The management problem would be mathematically as 
follows:

Max Q

Subject to

H >= Hmin

Q >= 0

OR

Max Q

Subject to

α Q + β >= Hmin

Q >= 0

The mathematical model

The constraint

The decision variable

The non-negativity constraint

The optimization model

The objective function

The right-hand side



Optimization – Definitions

 Objective function: represents the quantity that we 
want to maximize or minimize or in other words 
represents the goal of the management strategy;

 Decision variables: represent the management 
decisions that need to be determined such as the 
pumping rate or fertilizer loading;

 Constraints: limits the degree to which we can 
pursue our objective



Optimization – Application in Water 
Resources Management

 One way to find out Qmax is by the analytical 
solution: 

 We can use this procedure when we have only one 
well;

 However, when having more than one well (tens or 
hundreds), then the process would be very difficult 
since we have to find the maximum Q values that 
satisfy the H constraints
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Optimization – Application in Water 
Resources Management

Thus, we need to use a systematic way in 
finding the optimal values of the decision 
variables (Q maximum values) that satisfy all the 
constraints (H limits)

Head control location

Pumping well location

Aquifer 

(overview)



Optimization – General Model
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Optimization – General Model

 Solving the previous optimization model provides a 
mix between the decision variables (combination of 
Q values);

 The previous model is known as a linear program;

 Why linear? Because the objective function and the 
constraints are linear functions from the decision 
variables



Optimization – Linear Programming

 Linear programming (LP) is one of the most widely 
applied optimization techniques;

 It is a mathematical technique that has been 
developed to help managers make decisions;

 It is a very powerful technique for solving allocation 
problems and has become a standard tool for many 
businesses and organizations;

 LP models can solve problems that entail hundreds of 
constraints and decision variables in few seconds



Linear Programming

 LP consists of methods for solving the 
optimization problems in which the objective 
function is a linear function of the decision 
variables and the domain of these variables is 
restricted by a system of linear inequalities

 Solution Procedures:

 Graphical

 Simplex Method

 LINGO/Excel 



Formulating LP Problems

 Formulating a linear program involves developing 
a mathematical model to represent the 
managerial problem

 The steps in formulating a linear program are
1. Completely understand the managerial problem 

being faced
2. Identify the objective and constraints
3. Define the decision variables
4. Use the decision variables to write mathematical 

expressions for the objective function and the 
constraints



Example of a Linear Programming Model
The Graphical Solution

Consider the following simplified problem: 

A farmer desires to maximize revenue from two crops 
(beans and potatoes). He estimates his net profit at $100 
per acre of beans and $150 per acre of potatoes. He is 
limited to 10 acres of land. for labor or equipment reasons 
he can plant no more than four acres of potatoes. In 
addition, beans require two feet of irrigation water, 
potatoes require four feet . His total water supply is 24 acre 
feet

Find out the maximum revenue from planting the two crops



Example of a Linear Programming Model

We develop an LP model as follows: 

Define:

X1 as acres of beans and X2 as acres of potatoes to 
be planted 

We want to maximize net benefits subject to the 
constraints on land and water



Example of a Linear Programming Model

21 X 150X 100f Max 

Objective function
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Example of a Linear Programming Model

 Let us display the problem graphically. To represent 
graphically, do the following steps:

 Draw the constraints

 Start with constraint [1]. When X1 = 0 then X2 = 10 
and when X2 = 0 then X1 = 10. Since we are 
considering linear equations, then constraint [1] can be 
represented as a straight line connecting (0, 10) and 
(10, 0) where the coordinates has the general format 
of (X1, X2);



Example of a Linear Programming Model
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Example of a Linear Programming Model
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Do the same for constraints 

[2] and [3]. In this case, 

constraint [2] crosses the 

point (0, 4) horizontally. For 

constraint [3], it can be 

represented as a straight 

line connecting (0, 6) and 

(12, 0)



Example of a Linear Programming Model

Delineate the area of feasible region. This is the area
in the Figure that contains the optimal solution and is 
designated by the constraints [1], [2] and [3];

5 10 15

X1

X2

10

5

[1]

[2]

[3]

 water][total  24  X 4  2X 21 

potatoes]for  [land  4  X2 

land] [total  10  XX 21 

Feasible region



Example of a Linear Programming Model
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Example of a Linear Programming Model

 We continue shifting (from left to the right or from 
low values of f to high values) until we are at the 
boundaries (edges) of the feasible region beyond 
which we will get out of it. 

 The value of f is the optimal (maximum) one;

 From the figure, it can be concluded that the 
optimal solution is:

 X1 = 8 acres of beans

 X2 = 2 acres of potatoes

 f* = $ 1,100



Example of a Linear Programming Model
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 The Flair Furniture Company produces inexpensive 
tables and chairs

 Processes are similar in that both require a certain 
amount of hours of carpentry work and in the painting 
and varnishing department

 Each table takes 4 hours of carpentry and 2 hours of 
painting and varnishing

 Each chair requires 3hours of carpentry and 1 hour of 
painting and varnishing

 There are 240 hours of carpentry time available and 100 
hours of painting and varnishing

 Each table yields a profit of $70 and each chair a profit 
of $50

Example 2: Furniture Company



 The company wants to determine the best combination 
of tables and chairs to produce to reach the maximum 
profit

HOURS REQUIRED TO 
PRODUCE 1 UNIT

DEPARTMENT
(T) 

TABLES
(C) 

CHAIRS
AVAILABLE HOURS 
THIS WEEK

Carpentry 4 3 240

Painting and varnishing 2 1 100

Profit per unit $70 $50



 The objective is to

Maximize profit

 The constraints are

1. The hours of carpentry time used cannot exceed 
240 hours per week

2. The hours of painting and varnishing time used 
cannot exceed 100 hours per week

 The decision variables representing the actual 
decisions we will make are

T = number of tables to be produced per week

C = number of chairs to be produced per week



 We create the LP objective function in terms of T and C

Maximize profit = $70T + $50C

 Develop mathematical relationships for the two 
constraints

 For carpentry, total time used is

(4 hours per table)(Number of tables produced)
+ (3 hours per chair)(Number of chairs produced)

 We know that

Carpentry time used ≤ Carpentry time available

4T + 3C ≤ 240 (hours of carpentry time)



 Similarly

Painting and varnishing time used 
≤ Painting and varnishing time available

2 T + 1C ≤ 100 (hours of painting and varnishing time)

This means that each table produced 
requires two hours of painting and 
varnishing time

 Both of these constraints restrict production capacity 
and affect total profit



 The values for T and C must be nonnegative

T ≥ 0 (number of tables produced is greater than or 

equal to 0)

C ≥ 0 (number of chairs produced is greater than or 

equal to 0)

 The complete problem stated mathematically

Maximize profit = $70T + $50C

subject to

4T + 3C ≤ 240 (carpentry constraint)

2T + 1C ≤ 100 (painting and varnishing constraint)

T, C ≥ 0 (nonnegativity constraint)



Max 70T + 50C
Subject to
4T + 3C <=240
2T + 1C <=100
T >= 0 
C >= 0 

Rustom

Global optimal solution found.
Objective value:                              4100.000
Infeasibilities:                                  0.000000
Total solver iterations:                             2

Model Class:                                        LP

Total variables:                          2
Nonlinear variables:                  0
Integer variables:                      0

Total constraints:                       5
Nonlinear constraints:                0

Total nonzeros:                          8
Nonlinear nonzeros:                   0

Variable           Value        Reduced Cost
T        30.00000            0.000000
C        40.00000            0.000000

Row    Slack or Surplus      Dual 
Price

1        4100.000            1.000000
2        0.000000            15.00000
3        0.000000            5.000000
4        30.00000            0.000000
5        40.00000            0.000000



A SOLID WASTE PROBLEM

Landfill

Maximum 

capacity

(tons/day)

Cost of 

transfer to 

landfill  

($/ton)

Cost of 

disposal at the 

landfill  

($/ton)

L1 120 4 3

L2 100 3 5

L3 50 2 4

A city generates 200 tons/day of solid wastes and must

dispose it to three landfills. The data about the cost is

given in the table. For environmental reason all the three

landfills has to be utilized.

Develop the needed equations (objective function and

constraints) for Linear programming model to find the

optimal distribution of the waste to the three landfills.



MIN 7 X1 + 8 X2 + 6 X3

SUBJECT TO

X1 + X2 + X3 = 200

X1 <= 120

X2 <= 100

X3 <= 50

X1 >= 0

X2 >= 0

X3 >= 0

END

MODEL FORMULATION



SOLID WASTE SOLUTION using LINDO

Objective function Value = $1380

X1 = 120;        X2 = 30;        X3 = 50



A WATER QUALITY WASTEWATER 
TREATMENT PROBLEM

Five cities (shown in the Figure) each discharge municipal 
waste effluent into the river, as shown. An 
environmental regulation agency requires certain 
standards on BOD. The Federal government will 
subsidize sewage treatment if cities cooperate to meet 
standards at minimum cost. Neglecting waste 
decomposition within the river and given the data in the 
Table below, develop a LP model for determining what 
levels of treatment should occur at each proposed plant 
in order to minimize cost. No plant can remove more 
than 90 percent of BOD load.



A WATER QUALITY WASTEWATER 
TREATMENT PROBLEM


